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MOLECULAR SCATTERING EXPERIMENTS AT HIGH 
ALTITUDES 

At very high altitudes, the overwhelming majority of molecules emanating from a spacecraft never 
return to it, and of those that do, most have never undergone more than one collision. The simple 
kinematics of this process allows the design of a molecular scattering experiment involving ambient 
oxygen atoms and beam molecules with a well-defined velocity originating from the spacecraft. 
Information on molecular forces can then be extracted from the return flux data, and a simple ab initio 
"back-of-the-envelope" approximation can be deduced for the return flux. 

INTRODUCTION 

The return flux of gases effusing from spacecraft is an 
important problem that has recently received much atten­
tion. Flux measurement experiments were included on 
the Midcourse Space Experiment (MSX) satellite, and 
some rather complicated rarefied gas dynamic codes l

-
5 

were developed to correlate the results. During discus­
sions of the return fluxes, the question was raised as to 
whether the MSX results could be used to measure mo­
lecular forces. With the current MSX design, the answer 
"no" was quickly reached. However, a second question 
was raised, namely, could the MSX be redesigned so that 
molecular collision dynamics and molecular forces could 
be determined from the return flux measurements? This 
article discusses the results of these ruminations. 

At shuttle altitudes, namely, 100 to 200 lan, where the 
mean free path of molecules is of the same order of 
magnitude as the shuttle dimensions, the answer to the 
second question is almost certainly no because the 
molecular flux fields6 can be rather complicated, and the 
computer codes required to calculate them assume a 
correspondingly complex form. The complexities do not 
originate in unexpected intricacies in equations of flow 
or in molecular cattering processes, but rather in the 
complicated set of reflections from all the surfaces and 
the complex array of desorbing surfaces, leaks, and gas 
jet sources that the spacecraft presents to the environ­
ment. This complicated boundary and the associated 
uncertain boundary conditions, for instance, the fact that 
most molecular sources are not well defined or charac­
terized, require codes that can account for all details of 
the flow fields near the spacecraft surface and all con­
tingencies. The physics and chemistry of each fluid flow 
element are not complicated, but building enough detail 
and flexibility into the computer codes to account for a 
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complicated surface interacting with a complex environ­
ment makes the codes unduly intricate and oftentimes 
unwieldy. 

At much higher altitudes, however, three characteris­
tics of the environment simplify the problem consider­
ably and make possible the experiment described here. 
These are (1) the reduction in the molecular flux fields 
according to s -2, where s is the distance from the satellite, 
(2) the enormous mean free paths of molecules, resulting 
in extremely rare collisions of ambient and effusive 
molecules, and (3) satellite velocities much larger than 
gas kinetic speeds. In this article, I propose to show that 
these features can be used to design a scattering exper­
iment in which force fields and cross sections can be 
deduced for molecules of moderate size and as a side 
product, to derive a "back-of-the-envelope" approxima­
tion for the return flux of molecules originating from the 
spacecraft. 

SPACECRAFT RETURN FLUXES 

Consider a molecular beam emanating from a space­
cr~ft surface_confined within a narrow cone of solid angle 
dO = sin 0 dO dCji, as shown schematically in Figure 1. 
This setup can be achieved with an aerodynamically 
designed beam source in wide use today. In a quasi­
steady state, the total flux passing through all surfaces 
intersecting the cone must be conserved. This constraint 
implies that the flux density j and the molecule density 
nb at each point in the beam moving out from the satellite 
vary inversely with the square of the distance s from the 
spacecraft surface: 
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Figure 1. Schematic of a molecule (gray circle) leaving a satel­
lite and encountering an ambient atmospheric molecule (black 
circle) . The angle between the velocity vectors is "0. 

(2) 

where R is some length characterizing the general size of 
the spacecraft, and Vb is the initial velocity of the beam 
molecules. 

The distance s at which the detailed features of mo­
lecular flow will be lost need not be too much larger than 
R. This expectation is verified by calculations of molec­
ular distributions using one of the new rarefied gas dy­
namics calculation techniques that has gained increasing 
acceptance, Direct Simulation Monte Carlo (DSMC)4-6 (see 
the boxed insert) . The results of this method show that 
the density distribution of ambient molecules glancing off 
a satellite surface (see Fig. 2) at an altitude of 900 km 
and the density distribution of molecules desorbing from 
a small area on the topside of the satellite (see Fig. 3) both 
diminish as S -2. Remarkable evidence of the absence of 
collisions is the shadow cast by the satellite in Figure 2. 
If appreciable numbers of collisions had occurred, that 
shadow would have been filled to some extent. More 
importantly, DSMC calculations can be used to design the 
satellite configuration so that the flow field of the ambient 
atmosphere encountered by the molecular beam will not 
be perturbed to any appreciable extent by the bow shock 
wave or the wake. As shown in Figure 4, this condition 
can be achieved by simply orienting the satellite to fly 
at an inclination of ::::::9° to ram. A slight vacuum is in­
duced topside, but all boundary layers are confined to the 
bottom and sides. 
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DIRECT SIMULATION MONTE CARLO METHOD 

Modern molecular dynamic studies other than Direct 
Simulation Monte Carlo (DSMC) generally follow the de­
tailed motion of a small number of molecules, usually 1000 
to 10,000, in a microscopic volume, usually less than 100 A 
on a side. These studies are well suited to investigate re­
action dynamics and continuum transport mechanisms, as 
well as all phenomena that depend only on molecular pro­
cesses or do not involve macroscopic processes except as 
they affect the local environment parametrically. However, 
for flow problems in rarefied gases, macroscopic changes 
occur over distances comparable to the mean free path, that 
is, the average distance traveled by a gas molecule between 
successive collisions. Here, one must follow the molecular 
motion over macroscopic distances, which means following 
the motion of 1013 molecules at a pressure of one millionth 
of an atmosphere. Such tracking is obviously out of reach 
of even modern computers, so some approximate algorithm 
must be used. In the DSMC method, the gas molecules 
within a certain range of velocity and position are assigned 
to sets in the beginning of the calculation. (The name, 
Monte Carlo, refers to the fact that a random number gen­
erator is used to set the initial configuration of the simulated 
molecules and to determine the direction and magnitude of 
the velocity after every collision.) Thereafter, all the mol­
ecules in this set are assumed to move like the average 
molecule in the set. This assumption is referred to as re­
placing the original gas by a gas of "simulated molecules." 
Between collisions, a simulated molecule in a given set 
travels freely until it enters a volume occupied by another 
simulated molecule, at which point the collision probability 
is calculated from microscopic dynamics as if each of the 
molecules in the first set is colliding (with some suitably 
adjusted probability) with one of the molecules in the sec­
ond set. Even if the number of simulated molecules N is 
very large- the calculations that generated Figures 2, 3, and 
4 used 256,000 simulated molecules-and the rarefied gas 
dynamics is mimicked quite well, the magnitude of fluctu­
ations, which by Einstein's fluctuation theorem is propor­
tional to IV 112, is still observable. This difficulty, namely, 
the spuriously large density fluctuations observed at partic­
ular times, was overcome by averaging the flow field at 
suitable intervals. This averaging over time raised the ef­
fective number of simulated molecules to about 107

• 

At very high altitudes, namely, higher than 900 km, the 
mean free path 7 L will be much larger than R. It follows 
that from this viewpoint, not only will the spacecraft have 
lost its detailed features, but it will approximate both a 
point source of the initial flux and a point target for the 
return flux. Collisions with the ambient atmosphere al­
ways tend to knock molecules coming from the space­
craft downwind, gradually slowing them down to equil­
ibrate with the ambient atmosphere. This situation im­
plies that, until the next pass at least, only a few mole­
cules (those that have traversed only a few improbable 
trajectories) will return to the spacecraft. The simplest 
case to consider is the set of molecules that return after 
a single collision, because only these will have a well-
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Figure 2. The density of oxygen (atoms/ 
m3) colliding with a satellite with two solar 
panels. The satellite is traveling to the left 
at 8 km/s, is at an altitude of about 900 km, 
and is inclined at an angle of about 9°. 
The viewing point is from the side. The 
density scale is shown to the right of the 
figure . 

Figure 3. The density of argon (atoms/ 
m3) issuing from a source slightly above a 
satellite traveling at approximately the 
same speed, altitude, and inclination as 
the one in Figure 2. The viewing point is 
from the side. The density scale is shown 
to the right of the figure. 

defined velocity. Consider a frame of reference moving 
with the spacecraft (see Fig. 1) in which the ambient 
atmosphere, mostly oxygen atoms, is moving to the right 
with a constant velocity va' and the flux of beam mole­
cules is moving away from the source with a velocity Vb' 
With only a single collision, beam molecules can only 
return along a ray inside the initial flux cone. This de­
termines the return flux direction 

(3) 

where v b is a unit vector in the direction of Vb' So far 
this is simple kinematics. Conservation of momentum 
and energy then determines the magnitude of vb' 

In a quasi-steady state, the contribution to the return 
flux of molecules colliding with the ambient atmosphere 
in some volume element s,ds and returning along the ray 
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1.66 x 1014 

5.08 X 1010 

3.76 X 1015 

1.52 X 104 

- V b will be equal to the product of the magnitude of the 
initial flux in that direction (see Equations 1 and 2); the 
probability of the molecule reaching that point und~flect­
ed,7 e -sIL; the scattering volume element, s2ds dO; the 
differential scattering cross section in the laboratory 
frame of reference, I1ab [X == cOS-1(Vb ' vb )]; the number 
of scatterers, na; the solid angle subtended by the space­
craft, (4 7rS2) - ldAsc ; and the probability of reaching the 
origin undeflected, e -slL : 

~jret(-Vbls,ds) = 

nb(R) vbna R2Ilab(X) e-2s/ L(47rS2)- 1 dO ~c ds. (4) 

For very large mean free paths, the exponentials may 
be set equal to unity, and the total return flux along this 
ray is obtained by integrating from s = R to s :::::: 00: 
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jret(-Vb) :::: 

nb (R) Vbna Re -2R / L [lab (X) ( 471'") -1 dO dAsc' 
(5) 

where we have used the relation 

r; t-2e-tdt = x - 1e-x + Ei(-x):::: x-1e-x -In('Yx), 

where In 'Y == 0.577215665 (Euler- Mascheroni constant) 
and Ei denotes the exponential integral. As shown in a 
later section, Equation 5 may be made the basis of a back­
of-the-envelope calculation of the return flux to a satellite 
orbiting at very high altitudes. To determine molecular 
potential energies, it is most convenient to work with the 
differential scattering cross section in the center of mass 
coordinate system, [cm(X), rather than [lab(X). The two 
scattering cross sections are related by the Jacobian for 
the transformation between the laboratory and center of 
mass coordinate systems. The explicit forms of the Jaco­
bian and of the scattering angle X will be given in the next 
section. 

From the derivation, it is apparent that 99% of the 
return flux originates from distances ~10R; since the 
product of the ambient density and the differential scat­
tering cross section is inversely proportional to the mean 
free path L, the total return flux from the first collision 
is on the order of RIL. With a little analytic geometry and 
the central limit theorem of probability, it can be shown 
that the return flux originating with all subsequent col­
lisions with the ambient atmosphere will be on the order 
of R2/L2. 

COLLISION KINEMATICS AND 
CONSERVATION LAWS 

In this section, the kinematics 7 of the collision will be 
used to demonstrate that (1) the inclusion of single col­
lision dynamics places strict limitations on the permis­
sible return directions and (2) that within these limitations 
it is possible to deduce from experiment a center of mass 
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2.02 X 1013 

1.24 X 1012 

Figure 4. The density of oxygen (atoms/ 
m3) in a plane perpendicular to the ram 
direction and amidships to a satellite trav­
eling at approximately the same speed, 
altitude, and inclination as the one in 
Figure 2. The viewing point is from the 
front. The break in the density scale shown 
to the right of the figure corresponds to 
the undisturbed ambient oxygen atoms. 

differential scattering cross section defined in an unusual 
cut in the three-dimensional volume generated by the 
energy/scattering angle/differential scattering cross sec­
tion. It will then be argued that at the very high velocities 
that satellites orbit the Earth, these data can be used to 
determine molecular forces. 

The center of mass velocity G and relative collisional 
velocity g are defined as follows: 

(6) 

(7) 

where 

i = a, b. (8) 

The variables rna and rnb refer to the masses of the ambient 
and beam molecules, respectively. Similar equations hold 
for the velocities after collision, i.e., G', g', v;, vb. So 
far this discussion has included only kinematics. New­
ton's laws impose certain global constraints on the pos­
sible values of the post-collision velocities. These con­
straints take the form of conservation laws. The first, 
conservation of momentum, requires that G' = G. For 
elastic collisions, conservation of energy requires that 
Ig'l = Igl. Equations 6 and 7 may be inverted to yield 

(9) 

(10) 

The combined effect of the two conservation laws can be 
shown graphically in what has become known as a 
"Newton diagram." The Newton diagram in Figure 5 
shows that by construction, the heads of the vectors Vb' 

Mag, and Mag' must all lie on a circle that has a radius 
of magnitude IMagl and an origin coinciding with the head 
of G. By construction, it is easy to see that a necessary 
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Figure 5. Newton diagram for elastic scattering . G is the center 
of mass velocity, g is the relative collisional velocity, Ma is the ratio 
of the mass of ambient atmospheric molecules to the sum of the 
masses of ambient and beam molecules, and Vb and vb are the 
prior and post collision velocities of the beam molecules, respec­
tively. 

condition for vb to be equal to - vb' i.e., Equation 3, 
is that 

(11) 

The angle () between the initial beam velocity and the 
initial ambient velocity is defined as 

-() -l( ~ ~) = cos va · Vb . (12) 

In terms of () , Equation 11 becomes 

cosO:::; (Ma -Mb ) Vb . 

2Mb va 
(13) 

For equal masses, thi~ equation predicts that return 
fluxes exist for 0.57r:::; () :::; 7r . As the Jatio of masses, 
MJMa, increases, the lower limit of () approaches 7r, 
narrowing the range of angles in which return fluxes are 
possible with one elastic collision in the ambient atmo­
sphere. The critical value of the mass ratio below which 
return fluxe~ are possible is determined by Equation 11 , 
which for () = 7r becomes 

Vb = 2Mava + (Ma - Mb)Vb = 0 . (14) 

A related angle of interest is the angle () defined by 

() -l(~~) -l(~' ~) == cos vb· g = 7r - cos Vb · g . (15) 

An angle of more direct physical interest, as we shall see 
later, is the scattering angle in the center of mass frame 
of reference:7 
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x == cos- l(g . g'). (16) 

Treating Vb, g, and () as knowns, Equations 9, 10, 15, and 
16 may be solved to yield relations for vb and x: 

-2{M-2( , )2. 2() g a Vb - Vb sm 

+ fg- M;I(Vb + vbl cos er} = 1, 

(17) 

X=COS-1[1-_1- (vb +Vb)COS()]. (18) 
gMa 

The differential scattering cross section in the laboratory 
coordinate system is just the product of the differential 
scattering cross section in the center of mass coordinate 
system and the Jacobian8 for tra~formation between the 
two coordinate systems, dwcmld n . By the Liouville the­
orem, the latter is the product of the ratio of the areas 
subtended by vb and Mag' and the angle between the 
normals to the two areas: 

so that 

In conjunction with Equations 17, 18, and 20, Equation 
5 may now be used to infer Icm(X) from experimental 
return fluxes, and, with the analysis of the next section, 
molecular forces. 

COLLISION DYNAMICS 
The scattering angle X is a function of (1) the kinetic 

energy E of relative motion in the center of mass frame,7,8 
(2) the component of force, Fr = rdVldr (where V is the 
potential energy), in the direction, r, connecting the 
centers of mass of the two colliding molecules, and (3) 
the angular momentum of the collision, M. Since F r as 
written is a conservative force field, the collision is con­
fined to a plane; M is a vector oriented perpendicular to 
the plane, and its magnitude and orientation are constants 
of motion. In the conservation of momentum relation, 

M y = p,(gyX - gxY) ~ p,gb, (21) 
r~oo 

where 

(22) 

b is the distance of closest approach that would have been 
achieved if the force, which deflects the relative motion 
from a straight line, had not been present. The differential 
scattering cross section, well known as the probability of 
being scattered into a solid angle sin X dX dcp, is8 
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Icm[X, E(X)] = [~(X) Idb/dxl] . 
sm X E(x) 

(23) 

The unusual dependence of this cross section on the 
relative kinetic energy of the collision, which is in part 
~ functio~ of the scattering angle or, equivalently, of vb' 
IS noted m Equation 23. 

There are numerous methods8
-

12 for extracting X as a 
function of b or, conversely, b as a function of X, which 
is a kno~~ function of vb' Thus, X(Ecolb b), where Ecoll 
= 0.5p,g IS the energy of the collision, will be defined 
along a curve derived from the experimental return 
fluxes: 

(24) 

The. ~ery high ~atellite velocities are equivalent to high 
collISIOn energIes, energies that mostly lie above the 
critical energy below which orbiting must be considered. 
~n this manifold of collision energies, X can be approx­
Imated for the most part by the eikonal approximation:8

,13 

"" -E (A )- 1 bfOO (dV/dr) dr 
X coli Vb (2 b2 112 . 

b r - ) 
(25) 

This is an Abel integral equation, which has the solu­
tion14,15 

VCr) "" - coli Vb) [b(v)] db 
2 f oo E [b(A ] 
7r r (b 2 _ r2 )112 X b . 

(26) 

These dynamics are based on the simplest possible 
model that could have been conceived-spherically sym­
metric molecules with no internal degrees of freedom­
and so, it could be argued, are a gross oversimplification. 
In fact, the hjgh collision energies due to the high satellite 
speeds can introduce inelastic transitions to excited states 
from which the molecules return at slower speeds than 

Figure 6. Newton diagram for inelastic scattering. See Figure 5 
for a description of terms. 
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the elastically scattered molecules (see Fig. 6). Molecules 
returning from a collision point, R + Vbt, will return to the 
source with an amplitude proportional to (R + Vbt + 
vb t) -2. This relation suggests the possibility that the two 
types of collision can be resolved by an idealized pulsed 
source and a suitable idealized detector. The presence of 
~nelastic collisions would also show up as a sudden drop 
m return flux ma!Qlitude as the relative velocity decreases 
with decreasing (j. Superelastic collisions due to colli­
sions with electronically excited ambient atoms can, con­
versely, contribute to higher return velocities, but these, 
by supposition, are very rare. What return fluxes measure 
at very high altitudes, then, are elastic collisions. The 
potential measured, VCr), will have contributions from all 
sorts of virtual excited states, but it will be a true elastic 
scatterin~ potential if the beam molecule is reasonably 
symmetnc. If the beam molecules are polyatomic, for 
example, CO2, H20, HCOH, and N02, the measured 
potential will more likely be an orientation-averaged 
effective elastic scattering potential. 

A "BACK-OF-THE-ENVELOPE" 
APPROXIMATION 

. So fru: the only critical assumption has been that at very 
high altItudes, molecules returning to a spacecraft have 
only collided once with the ambient atmosphere. There­
after, those that have not may collide many times before 
the spacecraft passes by again, but by that time, it is 
argued, they will have been largely equilibrated and dis­
persed. The equations derived previously for the return 
flux are not particularly complex and seem to pose no 
prog~amming difficulties. With several additional simpli­
ficatIO~s , h~wever, an even easier "back-of-the-envelope" 
approXImatIOn can be derived that embodies most of the 
main features to be expected in any real case. To do this 
a pr~ori, I 1ab( X) must be estimated. This value is usually 
obtamed by a molecular scattering model such as the soft 
rigid sphere, whose direct result, Icm(X), is related to 
I 1ab( X) by the Jacobian for transforming between the two 
coordinate systems. 

Firs~, .we approximate the molecular potential energy 
by a ngid sphere model of diameter a: 

VCr) "" 00, r <;:; a, 

= 0, r> a. 

Then, Icm(X) assumes the particularly simple form 

(27) 

(28) 

Next: we Anote that ~Y construction (see Fig. 5), vb . g' 
= - vb' g = - cos (j. By inserting the latter relation and 
the following relation, 

(29) 

as well as Equations 1, 2, 20, and 28 into Equation 5, 

Jret(-Vb) "" 

(R) R -2R / L [( '/ ' 2 I - -
nb 167r2 Leg Vb Mag) / cos (jl] dO dAsc' 

(30) 
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As a second approximation, we assume that orbital 
velocities are much greater than beam velocities so that 
we can set Mag » Vb' This approximation leads to g "" 
Va and "0 "" (J. Equation 17 may now be replaced by 

(31) 

With this simplification, the return flux now assumes a 
very simple approximation that can truly serve as a back­
of-the-envelope approximation: 

jret(-Vb) "" nb(R)+e-2RILvalcos"01 dQ d~c' 
4?T L 

cos-1 (Mb - Ma)vb ~"O ~?T, 
2Mava 

=0, otherwise. (32) 

The limitations come from Equation 11. This simple form 
predicts that at high altitudes, the return flux is propor­
tional to the beam and ambient densities, the spacecraft 
velocity, and the spacecraft radius ; it is inversely propor­
tional to the mean free path, and it is strongly peaked in 
the forward direction, that is, when the effluent flux is 
exactly in the ram direction. 

DISCUSSION 
The high peaking toward the ram direction comes not 

only from the explicit appearance of cos (J in Equation 
32, but also from the limitations resulting from the ine­
quality of Equation 11. This means that as the mass of 
the beam molecule increases, the window of angles 
within which observations can be made decreases and 
finally vanishes for some finite mass ratio. The resolution 
consequently also deteriorates. Another limitation arises 
because returning molecules start the return legs of their 
trajectories at all points along the ray. Thus, the pulsed 
beam source suggested in the previous section would 
show its peak sensitivity at short times. To see this, note 
that the asymptotic variation of the return flux signal at 
long times would be approximately t- 2 for both elastical­
ly and inelastically scattered molecules. A velocity ana­
lyzer would then be needed to distinguish between the 
two types of collision. Against these disadvantages, one 
can cite the almost uniform speed and distribution of 
oxygen atoms flowing past the spacecraft. 

Some limitations in the experiment or in the analysis 
could be lifted. Pulsing the source would increase the 
signal-to-noise ratio and provide a means, in principle, of 
resolving elastic and inelastic collisions. Providing the 
detector with a set of skimmers or a quadrupole analyzer 
might define the direction of the return flux sufficiently 
to run the experiment at lower altitudes where one cannot 
approximate the spacecraft by a point. With a narrow 
source beam and quadrupole analyzer, however, all the 
preceding analysis could be applied to this case with one 
substantial change: the allowance for a small distance­
dependent deviation of the direction of the return beam 
from the source beam direction. Exciting the beam 
molecules would generate information on superelastic 
scattering. Finally, the eikonal approximation could be 
lifted and replaced by the exact expression8 for the scat-
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tering angle, x, but doing so would complicate the anal­
ysis considerably. An easier method might be the follow­
ing: The eikonal approximation (Equation 25) is not quite 
correct because it predicts a scattering angle that ap­
proaches infinity as b approaches 0 rather than ?T, which 
is the b -7 0 asymptote of the more correct semi-classical 
scattering angle: 13 

x = 1r - Lr-2 [b-2(1- ~) -r-2 f'2 dr. (33) 

The term r min' the classical distance of closest approach, 
is given by the minimum finite distance where the term 
in brackets in Equation 33 vanishes. Nevertheless, the 
eikonal approximation is useful as an approximation at 
moderate to large values of b to estimate the potential at 
moderate to large distances. We note that at small values 
of b, which correspond to more or less head-on <2.o11isions, 
the collision energy is relatively insensitive to (J and can 
be approximated by Emax, the maximum collision energy. 
In Equation 33, at large to moderate values of r , VCr) can 
be approximated by the eikonal estimate, Veik(r), which 
can be determined by the inversion carried out in Equa­
tion 26, and X can be determined at moderate values of 
b. These estimates of X at moderate to large values of b 
can now be faired into the observed X[b, E(Vb)] at 
smaller b. The new constant-energy scattering angle, 
X[b, E(vmax)], can now be put into the form of an Euler 
transform, 13 which can also be inverted by the standard 
methods of inverting Abel integral equations.13,14 The 
appearance of these two names, Abel and Euler, once 
again indicates that good science, in this case good math­
ematics, is, in a sense, timeless and will always have its 
uses. Here, it plays a central part in the interpretation of 
the proposed experiment. For the experiment itself, all 
one needs is a satellite at high altitude, a well-defined 
molecular beam, and a good detector. 
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