














Numerical Solution of Turbulent Flows

Figure 1. Computational grid, square

flow.
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Figure 2. Computational grid

flow.
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5. Finally, the turbulent kinetic energy k correspond-
ing to the new covariance field is obtained from the
The calculations were performed at Re = 2000 using a

mesh with 120 by 100 grid points in the x and y direc-

kinematic equation (Eq. 22), and the cycle is repeated.

Square Flow
tions, respectively. The computational domain, shown in

Figure 1, extended from —10 to +20 in the x direction and
—10 to +10 in the y direction, where the square has sides

of unit length. The time step was Ar = 0.001, and the
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1. The mean vorticity w is advanced in time by solv-

ing Equation 20.
4. The covariance field { is next calculated using

3. With the new v field, the velocity components and
Equation 21.

hence the vorticity on the boundaries are obtained using

2. The mean stream function ¢ (the vector potential in
their definitions.

three dimensions) is then updated by solving the Poisson

the stream function is replaced by its three-dimensional
equation (Eq. 19).

analog—namely, the vector potential. A typical solution

cycle consists of the following steps:
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constants used in the turbulence model were set to 7' =
0.3, C5 =0.07, 6 = 0.037, Q, = 0.1, and O, = 0.01.

Figure 3 shows the variation of drag and lift during
several cycles of the computed flow field. The drag, as
expected, fluctuates at twice the shedding frequency. The
average drag coefficient, Cp, . = 2D/(pui/1). where D is
drag, p is the fluid density, u,, is free-stream velocity,
and / is the exposed area, was 2.05, and the lift coeffi-
cient varied between £0.39. The average drag compares
well with the experimental results of Lee,”” who found
Cpy.e = 2.05 at Re = 176,000, and of Nakaguchi et al..”
who measured Cp,, . = 2.05 at Re = 0(10%). It is also rela-
tively close to the values reported by Bearman and True-
man,>* who found Cp,,. = 2.2 for Re in the range from
20,000 to 70,000. The computed peak lift is considerably
less than the measured rms value of 1.31 at Re = 0(10°)
reported by Vickery,” or the peak lift of 1.4 for Re be-
tween 33,000 and 130.000 given by Nakamura and
Mizota.® The discrepancy may be a Reynolds number
effect because the current value of 2000 is much less
than that used in previous experiments. The predicted lift
could be severely affected by the proximity of the outer
boundary as well as by the coarseness of the mesh used
in the far field in the lateral direction. Such effects are of
great importance, particularly in two-dimensional calcu-
lations.

Figure 4 shows the variation of v at two locations on
the axis behind the square. It was observed that the maxi-
mum magnitude of the transverse velocity is about 0.82.
Further, no subharmonics were discerned in the present
calculations as was also true in experimental observa-
tions. On the basis of variations of lift, drag, and trans-
verse velocity, the average Strouhal number St = fa/u,,,
where f is the shedding frequency, « is the square side,
and u,, is the free-stream velocity, was calculated to be
0.147. This value is a little higher than the experimental
value of 0.135 at Re = 2000 reported by Davis and
Moore.”” Some significant scatter occurs in the data
presented for Sz. For example, the lowest value of St is
reported as 0.12 by Vickery.” and the highest is 0.138
given by Durao et al.”® Experiments show that the square
cylinder flow does not become Re-independent until af-
ter Reg= 10,000, when St achieves a constant value of
0.13.°

Figure 5 shows the instantaneous streamlines (left
column) and the associated vorticity fields (right
column) at several instants during one shedding cycle.
The sequence shows how vorticity created at the leading
sharp corners is alternately shed downstream. In Figure
6, the streamlines averaged over several cycles are
shown. Comparison of this figure with the results of
Durao et al.* reveals that the present prediction for wake
size at Re = 2000 is slightly larger than that at Re =
14,000, although the qualitative agreement is good. A
similar conclusion can be drawn from the distribution of
average axial velocity along the streamwise axis of the
square. Figure 7 shows the experimental results of Durao
etal.”® at Re = 14,000 compared with the present solution
and the numerical results of Durao et al.”’ using the k—e
turbulence model to solve for the square flow at Re =
14,000. In the latter calculation, the coefficients in the
k—e model were adjusted to obtain an accurate prediction
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Figure 3. Variation of drag and lift with time. Black line = drag.
Blue line = lift.
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Figure 4. Vertical velocity in wake. Black line: x; = 0.52. Blue
line: x; = 1.01.

of the size of the recirculation bubble. As is evident from
Figure 7, however, the magnitude of # was underpredict-
ed. and. in fact, no separation was found to occur on the
sides of the square. These deficiencies can be attributed
to the fact that the k—e model is unable to account for the
anisotropy, history, and transport effects in a complex
flow such as the present one.

Cube Flow

The cube calculations were performed at Reynolds
numbers of 2000 and 14.000 on the computational mesh
shown in Figure 2. As mentioned earlier, the computa-
tions were done on the quarter domain. The origin of the
coordinate system is set at the cube center. All lengths
are nondimensionalized with the cube dimension so that
the cube is of dimension unity, and the finite-difference
mesh extends from =5 to +5 in the x direction and — 4 to
0 in the two lateral directions. The computational mesh
was designed to provide maximum resolution near the
cube surfaces.

The values of the constants appearing in the turbu-
lence equations were set to 6 = 0.037, Cs = 0.007, T =
0.25, 0, = 0.1, and Q, = 0.01 for the computations at Re
= 2000, and to 6 = 0.01, C5 = 0.001, T = 0.25, 0, = 0.1,
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Streamlines Vorticity contours

Figure 5. Streamlines (left) and vorticity contours (right) at various stages during one shedding cycle.
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Figure 6.
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Figure 7. Averaged uy velocity on the square axis. Solid line:
present results. Solid circle: experiments by Durao et al.2® Open
triangle: k—e model calculation by Durao et al.

and O, =0.01 at Re = 14,000. The selection of the values
was based on previous studies of channel and jet flow
fields in which allowance was made for the differing
Reynolds numbers.

The drag coefficient calculated at Re = 2000 reached a
steady-state value of 1.23, whereas at Re = 14,000 it was
1.17. These values are compared with experimental data
in Figure 8, including a result of Nakaguchi’s.’’ who
measured drag coefficients of bars of square cross sec-
tion aligned with the flow. Extrapolation of the results
gives Cp for a cube as 1.17 for Re = 1.7 x 10°.
Nakaguchi also reported that the drag value did not show
any appreciable change for Re between 0.77 x 10° and

2.3 x 10°. An additional data point is given by Ander-
son,” who reported a value of Cp, = 1.09 for the cube
flow at Re = 3 x 10°. To further display what is to be ex-
pected at other Reynolds numbers, the drag caused by a
square flat plate held normal to the flow™ is also shown
in Figure 8 as well as some results for laminar flows
reported earlier.**

The character of the computed flow field can be
deduced from the series of velocity vector plots con-
tained in Figures 9 to 11 for the Re = 2000 solution. The
flow at Re = 14,000 shows many of the same features. A
view of the cube flow in the x—y plane through its mid-
point is shown in Figure 9. The wake is much longer here
as compared with the laminar case.** In contrast to the
laminar solution, a region of reverse flow occurs that ex-
tends about halfway along the sides of the cube. Flow
separation begins a little aft of the front edge and not ex-
actly at it, as has been observed in earlier studies of two-
dimensional bluff body flows.***® Along the side sur-
faces of the cube. a zone of relatively stationary fluid ex-
ists. The general attributes of the computed flow field
agree with experimental observations by Anderson™ at
Re = 3 x 10°, who observed that dye placed on the side
surfaces of the cube did not show significant motion.

A three-dimensional view of the complete separation
zone containing velocity vectors just off the surface is
shown in Figure 10. The view is from the rear of the cube
and shows that flow reversal reaches a maximum along
the central point of the sides, whereas none occurs near
the edges. An interesting vortical circulation pattern is
also evident as the flow negotiates past the front corners.
Near the rear edges of the cube the flow is away from the
corners.

Figure 11 is a view of the wake of the cube at x = 0.64.
The flow here is toward the cube to fill in the wake. The
motion on the rear face is toward the edges as a mani-
festation of the presence of counter-rotating vortical
pairs formed around each corner. This motion accounts
for the influx of high-speed fluid toward the center of the
rear edges of the cube.

Experimental or numerical predictions of turbulence
levels in the cube flow with which the present results
may be compared appear to be unavailable. Nonetheless,
to give some idea of the turbulent field computed in the
present example, contours of { in the central plane z =

l_l\lllll T T m—r‘l“rr T LI !IIII‘ T T 7T !lIHy T Y’Tﬁ_T_TTTTi T’T’YTY?‘!_
Cy ]
& - Figure 8. Drag versus Reynolds num-
iz = ber. Solid circles: present calculations.
3 _ Open triangle: Nakaguchi®! data. Solid
=L square: Anderson®? data. Solid line: flat
g _ plates normal to the flow. Dashed line:
= experiments by Raul.
100 )illll ] 1 IILII][ 1 \_I_A_LJJJ?,‘) 1 lllllll 1 1 Lllllll nI - 1 11111
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are shown in Figure 12. Extremely high levels of turbu-
lence are evident along the front edge of the cube, with
the greatest concentration at the sharp corner. Since the
turbulence produced here is unable to convect or diffuse
very far upstream of the cube, a relatively sharp interface
between the turbulence and upstream potential regions of
the flow is evident. The turbulence generated at the front
face convects outward and downstream, forming a de-
caying turbulent wake. Some additional turbulence is
generated as the fluid passes the rear edge of the cube.
Further insight into the computed turbulent field may
be obtained from Figure 13, which shows profiles of the
scaled turbulent kinetic energy k/u2, for the Re = 14,000
solution at several stations along and behind the cube.
The highest level of k occurs just off the front edge of the
cube on the line that is flush with the front face. The re-
gion of significant turbulent activity broadens outward
along the sides of the cube and into the wake. A slight
narrowing of the wake can also be observed as well as

Figure 10. Velocity vectors just off the cube surface at a Reyn-
olds number of 2000; three-dimensional view from rear.
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Figure 9. Velocity vectors on z= 0.0
plane at a Reynolds number of 2000.
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the convection and diffusion of turbulence into the re-
gion directly behind the cube. Turbulence generated at
the rear edge of the cube is responsible for the secondary
peak in £ at this location.

Finally, to reveal the structure of the cube wake, some
particle traces were made. They were obtained by in-
troducing massless particles in the wake and then follow-
ing their time evolution. One such trace is shown in Fig-
ure 14, where the motions of three particles introduced in
the wake are plotted. The particles introduced in the cen-
ter plane and in a diagonal plane remain in their respec-
tive planes. A third particle introduced just above the
center plane moves toward the nearest diagonal plane in
a spiral motion.

CONCLUSIONS

A vorticity-based turbulence closure model has been
derived using Lagrangian analysis of the vorticity trans-
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Figure 13. Cross sections of scaled turbulent kinetic energy
k/u? at a Reynolds number of 14,000 at several stations along
and behind the cube.

port equation. The resulting closed set of equations is
used to solve two relatively complex flow problems:
flow around a square prism and flow around a cube. Un-
like the previous applications of the present model, the
nongradient terms are included in the formulation. The
results are in good agreement with the experimental data.
It is demonstrated that the present turbulence model can
predict complex flow problems in two as well as three
dimensions.

It is argued that closure models based on vorticity
transport (such as the present MvC model) have a clear
advantage over the ones that consider momentum trans-
port (such as the k—e model) because vorticity transport
more closely follows the actual physical process of tur-
bulence. In the future, it is proposed to carry out a more
detailed analysis of the various terms involved in the clo-
sure to determine their relative contributions. An alterna-
tive derivation of the closure that will be applicable in
the framework of primitive variables and its extension to
compressible flows is also planned.
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