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Figure 1. A wave packet approaches a target, in this example
(top), a diatomic molecule. A short time after the collision (bot-
tom), the primary beam, slightly attenuated, is on the verge of col-
liding with another molecule. Elastically scattered waves are radi-
ating outward with the same relative velocity as the primary beam
and have moved the same distance from the target. Inelastically
scattered waves have moved away at a slower speed and are
well separated from the elastically scattered waves.

should be rotationally invariant. It is then natural to
expand pp, in an infinite series of density matrices
minimally affected by the orientation of the gas relative
to an observer. These matrices are chosen to be the irre-
ducible representations of the rotation group, U‘j-’% a®
which have the property that all matrices with a given
value of J and M transform under rotations into linear
sums of the other matrices with the same value of J and
M, and no others.” Then p can be expanded as

~ _ ~JM IM A
o, = L Bjja() Uifu®). (8)
JM,L,q ’

The eigenfunctions, U, are really operators and must cou-
ple rotation eigenfunctions of the translational momen-
tum, Y,,L,(O), to the rotational angular momentum of the
states before and after the radiative transition; ¢ is the
magnitude of the pseudo-angular momentum resultant of
lj;m;) and (j,m,l, and J is the resultant of adding the
momenta L and ¢. By the usual quantization rules, the al-
lowed values of ¢ and J are restricted to
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lji = Jel = g = i + Jp
lg— LI£J<qg+L.

Because of the rotational invariance of T, this choice
of expansion has the desirable consequence that all
tetradics of T and other rotationally invariant superoper-
ators are block diagonal in J and M. In mathematical no-
tation,

(U LO) [T UL G =0,

Jilf Ji'ifa
J#EI'M £ M'. 9)

This is shown schematically in Figure 2, specifically,

Top, =2 L L L L Ulu®

JM JI/}‘ gL j"j/’ q'L’

oo

xj KA gLv o T ")
0

~JM 2
X Bjrjprqr (V) Sdv (10)

As shown in Equation 10, other desirable dividends of
this elementary application of group theory are as fol-
lows: (1) the kernel and the expansion coefficient under
the integral sign are now scalars; (2) the integration over
velocity orientations has been buried in the kernel; and
(3) the kernel itself is a symmetric function of the dy-
namic variables before the collision, which are represent-
ed by the primed quantities, and the postcollision vari-
ables, which are represented by the unprimed quantities.
The last feature now allows us to employ any of the bat-
tery of methods developed for integral equations with
symmetric kernels.®

Tangent to the blocks diagonal in J (Fig. 2) are two
parallel diagonal rows that result from the coupling of
the J, J + 1 blocks by the drift terms in the quantum
Boltzmann equation. This comes about because, al-
though the collision terms are independent of the place-
ment of an observer, the presence of an electromagnetic
field defines a preferred direction that enters into the drift
terms. At the higher densities, the collision terms—repre-
sented by the diagonal blocks—dominate, and the Y|
component of the density matrix is effectively decoupled
from the higher-order nonspherical terms. The line shape
is then determined by the pressure-broadening cross sec-
tion and assumes the familiar Lorentzian shape. At
progressively lower densities, however, the drift terms
become more important, and more and more nonspheri-
cal terms are coupled by the kinetic equation, affecting
the spherical term to at least second order. The most im-
portant of these are the Y9"*! tensorial components. The
matrix element of the collision operator sandwiched by
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Figure 2. The matrix of the collision kernel KL( Wi, W/v'), where
the velocity distribution function has been expanded in spherical
harmonics Y (?) , and W;is the postcollision and W,-'the precolli-
sion values of the (normalized) velocity evaluated at the pivot
points of a suitably chosen Gaussian integration algorithm. Each
X corresponds to a nonvanishing matrix element.

these components is the momentum transfer cross sec-
tion, long familiar to the kinetic theory of diffusion. The
line width, which is dominated by the relaxation term at
high densities, decreases as the density is decreased until
the diffusion terms, which vary inversely with the densi-
ty, assume the dominant role and the line width increases
again, eventually approaching the Doppler line shape at
very low pressures.

THE COMPUTATION

Several years ago, scientists at the National Institute
of Standards and Technology' began extremely accurate
measurements of Raman scattering of D, in several
gases, including He. These experiments measured the
polarized Stokes-Raman Q-branch (Aj = 0) scattering of
frequencies corresponding to the v =0 — 1 vibrational
transition of D, at densities ranging from a fraction of an
Amagat to 8 Amagats. An Amagat is a unit of density
and volume defined as the ratio of the number of
molecules per cubic centimeter to the number of
molecules per cubic centimeter in a perfect gas at | at-
mosphere of pressure and at 0° C. In coherent anti-
Stokes—Raman scattering a laser beam is formed with a
multiple of some frequency approximating the separa-
tion of two quantum levels of a chosen molecule. The
sample is irradiated with this beam and a probing beam
with a different tunable frequency. Spectral transitions
are now induced; this is called scattering because pho-
tons are taken out of the primary beam. If the transition is
to a higher level, this is called anti-Stokes scattering. If
the initial and final rotational states are the same, this is
called a Q-branch transition.

This set of experimental conditions included line
shapes dominated by the Dicke narrowing as well as
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those characterized by high-pressure broadening. At the
same time, Robert Blackmore (a postdoctoral fellow at
APL), Sheldon Green (a scientist at NASA), and I under-
took a calculation of these effects in D, immersed in He,
making a minimal number of extraneous physical as-
sumptions. This calculation required (1) ascertaining the
intermolecular forces between D, and He, (2) solving the
scattering equations for all events relevant to line-shape
broadening, and (3) inserting the resulting cross sections
into the appropriate kinetic theory and solving for the
spectral response function, which produces the line
shape.

A glance at the collision kernels describing classic
structureless particles shows that they are not simple.
The quantum version is even more complex. For as sim-
ple a system as D,-He, as many as eight angular momen-
ta are coupled in the final complex formula for the colli-
sion kernels, K’(j,jrqLv: j.j;q’L'v"). The first step is
the computation of matrix elements of the D,-He poten-
tial energy for a small set of rotational and vibrational
states; the second step is the solution of the scattering
equations for the t-matrices; the third step is the insertion
of these t-matrices into collision kernels; and the fourth
step is the solution of the quantum kinetic equation.

Some years ago, a molecular orbital calculation was
carried out for the electronic energy of two hydrogen-
like atoms and a helium atom clamped in space at several
configurations.” For this clamped potential energy sur-
face, V(Irl, IR, r - R). which is known as the Meyer—
Hariharan—Kutzelnigg potential, Il is the distance be-
tween D, and He, |R| is the D-D internuclear distance,
and r - R is a measure of the relative orientation of D,
and He. The potential energy surface is also valid for two
D atoms and one He atom clamped in space. The accura-
cy of this surface is borne out by many comparisons of
experiment and predictions based on it. At each D,-He
separation and relative orientation, the potential energy
surface was calculated at five D-D separations. It is now
convenient to replace the R-dependent potential energy
surface, V, by the vibrational matrix elements of V, that
is, by a set of integrals of V' sandwiched by the initial and
final vibrational state. The method chosen to solve the
wave equation for the relative nuclear motion was, by in-
terpolation in the variable R, to evaluate V at the pivot
points of a suitable Hermite polynomial. This procedure
is similar in spirit to the pseudospectral methods de-
scribed by Ku and Rosenberg in this issue. The differen-
tial equation in R could then be converted to a matrix
equation, which was then solved with the usual normali-
zation and boundary conditions. When the vibrational
energy eigenvalues calculated at large D,-He separations
were compared with spectroscopic values, accuracies of
=(0.2% were indicated for the vibrational wave func-
tions, x,(IRl). Most of the calculations of vibrational—
rotational matrix elements,

JdR [x, (IRDY , (R)YV(Irl, IRI, 7 - R)x.(IRDY ,,(R) ,
(11)
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were carried out with rigid rotor rotational wave func-
tions, Y/ (R) , with rotational energies corrected for cen-

m
trifugal stretching. A final set also included centrifugal
stretching in the vibrational wave function. The vibra-
tional and rotational quantum numbers included were v =
0.landj=0,1,2,3,4,5, 6, 7. These calculations were
carried out in overnight runs on an IBM AT, and the poten-
tial energy matrices were then sent via BITNET to New
York for step two.

Because this is a quantum mechanical system, the
scattering information is obtained not from trajectories
but from solving the Schrodinger equation with the solu-
tions having the asymptotic form

exp(ek - X, (IRDY,,(R)

m

—= L 2auexpulk I ey jm X (IRDY(R) -
vii'm’

(12)

The usual practice in molecular-scattering calculations is
to expand a prototype wave function in the set of all pos-
sible internal states—and a few closed channels as well—
and a large number of partial waves representing the
resultant of the rotational and orbital angular momenta of
the trajectories of relative motion. This representation is
chosen because scattering equations are rotationally in-
variant in the relative motion frame of reference and be-
come block diagonal if the expansion set is taken to be
the set of total angular momentum eigenfunctions. The
required number is established by making a few test cal-
culations to determine the rate of convergence. The time-
independent Schrodinger equation is then solved at a sin-
gle total energy for all possible independent boundary
conditions, and the solutions are then combined into
wave functions having the asymptotic form of Equation
12. The requisite scattering information is determined by
the asymptotic value of the wave function at the comple-
tion of the collision and succinctly represented by the
contracted set of data composed of the t-matrices. The t-
matrices represent the contracted set. These data are cal-
culated automatically by a software package called MOL-
scaT,'® which requires as input only the potential energy
matrices calculated in step one. The scattering informa-
tion was destined for a Q (Aj = 0) branch v=0 — 1 Ra-
man line, requiring calculations for v = 0 and for v = 1.
The required calculations were performed on a NASA IBM
360 during several overnight runs, and the results were
returned to APL on tape.

In step three, the t-matrices were recoupled to form
the collision kernels. This step was necessary because
the scattering matrices and the collision kernels are rota-
tionally invariant in different spaces. Development of a
formula for the collision kernels was not a straightfor-
ward task,” but rather depended on choosing a momen-
tum space transformation that is not at all obvious. One
final approximation was introduced that set ¢ = 0 and
reduced the size of the computation. The subsequent
coding of the resultant formula for the computer was
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laborious but straightforward. In line broadening, the
coding involved summing products of two t-matrices and
terms representing all the possible couplings of the mag-
nitudes of six angular momenta. No chains of interior
matrix multiplications could be optimized other than the
sums over magnetic quantum numbers that already had
been carried out analytically and were now buried inside
the coupling coefficients, which are known in the trade
as 6-J symbols. The code was optimized somewhat by
evaluating the 6-J symbols recursively, but even then a
typical calculation took between thirty minutes and two
hours on the Ahmdahl 5890-200E.

In the final stage, the kernels were evaluated at the
pivot points of a Laguerre polynomial of order N = 30,
converting the integrals over v’ in Equation 10 into a
30 x 30 matrix multiplying a vector of order 30. As is
well known, this conversion is equivalent to approximat-
ing the density-matrix coefficients with an expansion in
Laguerre polynomials truncated at the 30th term. In prin-
ciple, the density matrix could have been expanded
directly in Laguerre polynomials, and each of the matrix
elements could have been evaluated individually as in
the older texts on kinetic theory. The present procedure
avoids that step by doing it automatically. Remembering
that, with the last approximation, J = L, Equation 6 could
then be mapped onto a matrix equation

A-x=y.

Matrix A is composed of 30 x 30 blocks clustered along
the diagonal with the blocks ordered by increasing
values of J. As noted in the previous section, the blocks
are coupled by two parallels to the diagonal (cf. Fig. 2),
which become increasingly important at lower densities.
Preliminary calculations indicated that including J-
blocks up to J = 5 was sufficient to represent the spheri-
cal part of the density matrix near the Dicke narrowing
minimum (Fig. 3). The final computation then proceed-

300 T T T

200

100

Molecular velocity distribution function

2 4 6 8 10
Normalized molecular velocity

-100 1 1 1 1
0

Figure 3. The deviation of the L = 0 component of the density
matrix, p, from a Maxwell-Boltzmann distribution as a function of
a normalized velocity and of the maximum value of L when p is
expanded in a series of spherical harmonics, Yy (¥).
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ed by inverting the 180 x 180 sparse matrix at a series of
densities and frequencies. This relatively small calcula-
tion could be done overnight on a 386 PC.

RESULTS

The experimental results to be reproduced were ob-
tained by first forming a sharply focused, almost mono-
chromatic laser beam corresponding to the Aj =0, Av =0
— 1 transition of D,. The beam entered a cell containing
a 90% He:10% D, mixture and traversed it about forty
times. The values that we have called “experimental”
have been corrected for backward scattering and interfer-
ences that occur each time a ray traversing the cell cross-
es another ray. The measured line shapes were then at-
tributed to Raman scattering in the forward direction,
and the line widths and shifts were calculated from
phenomenological formula fit to the measurements.

In the calculations reported here, the frequency grid
was fine enough to allow evaluation of the widths and
shifts directly from the numerical results. The high-
density widths and shifts vary almost linearly with den-
sity. The asymptotic density coefficients of these quanti-
ties are shown in Table 1.'"" Computations incorporating
centrifugal stretching and vibrationally inelastic effects
do not cause any significant improvement. Considering
the availability of only five points with which to evaluate
vibrational wave functions and the fact that width and
shift coefficients are evaluated by the asymptotic varia-
tion, the agreement with experimental results is about as
good as can be expected.

A representative set of line shapes® at a given value of
Jrot (€., the rotational quantum number) is shown in Fig-
ure 4. Line widths as a function of density and j,, are
shown in Figures 5 to 7 for both computed and ex-
perimental results. The difference between the two is due

Spectral response function

Relative frequency (cm™)

Figure 4. The spectral response function for jo; = 0 evaluated
at a set of densities ranging from 0.3 to 6 Amagats. At 6 Amagats,
the spectral response function is almost Lorentzian. (An Amagat
is a unit of volume and density defined as the ratio of the number
of molecules per cubic centimeter to the number of molecules per
cubic centimeter in a perfect gas at 1 atmosphere of pressure and
at 0° C; j,ot is the rotational quantum number.)

in part to differences in the numerical methods used for
extracting half-widths from the raw experimental data
and computed line-shape data. Detailed comparison of
calculated and experimental line shapes shows few dis-
cernible differences.'” All in all, the results were very
gratifying.

The achievements of this study can be summarized as
follows:

1. The accuracy of the Meyer—Hariharan—Kutzelnigg
He-H, potential energy surface was demonstrated once
again.

Table 1. Comparison of theoretical and experimental width and shift parameters for the Q(J) lines of D5 in
He at 298 K.
Width Shift

J Experiment®  Theory » ¥ Yaeo Experiment”  Theory

0 2.35 2:33 0.73 1.00 0.60 6.1 72

1 1.20 1.11 0.18 0.24 0.69 6.5 £

2 1.73 1.66 0.40 0.54 0.72 6.8 7

3 1.62 1.54 0.34 0.45 0.75 6.9 79

-+ 1.40 1:29 0.22 0.29 0.78 6.8 8.0

5 1.20 1.14 0.16 0.23 0.82 NM 8.2

Note: Theoretical values include centrifugal distortion in the potential matrix elements but not in the rotational energy
levels; vibrational inelasticity is ignored. The theoretical widths have been decomposed into the dephasing part, Ygep.

and the inelastic contributions within v =0 and v = 1, y",

NM = not measured.
Reprinted, with permission, from Ref. 1.

and y!

respectively. All values are in 10-3 cm~!/Amagat.

Jin?

G. J. Rosasco and W. Hurst, personal communication, 1989.
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Figure 5. The half-width at half-maximum (HWHM) of the spec-
tral response curve for the Stokes—Raman Q-branch scattering of
the v=0 — 1 transition of D, immersed in helium: jio; = 0 (ot iS
the rotational quantum number). The squares are experimental
data. The solid black line is the curve predicted by the calculation
described here. The circles are the results of a slightly amplified
calculation; the other symbols and colored lines are the results of
more approximate theories.
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Figure 6. The half-width at half-maximum (HWHM) of the spec-
tral response curve for the Stokes—Raman Q-branch scattering of
the v=0 — 1 transition of D, immersed in helium: jio; = 1 (jiot is
the rotational quantum number). The notation is the same as in
Figure 5.

2. Modern molecular-scattering methods have pro-
gressed to the point where they are, in principle, applica-
ble to all molecular and kinetic processes.
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Figure 7. The half-width at half-maximum (HWHM) of the spec-

tral response curve for the Stokes—Raman Q-branch scattering of

the v=0 — 1 transition of D, immersed in helium: jio; = 2 (jiot iS

the rotational quantum number). The notation is the same as in

Figure 5.
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3. Generalized quantum Kinetic equations can be
solved by collision kernel methods, otherwise known as
discrete ordinate methods, that had been developed for
neutron diffusion and planetary escape processes, effect-
ing a significant improvement in computational speed
and accuracy. A drawback is that the results are not rep-
resented by a simple formula.

4. In principle, extensions to higher-order tensor
polarizations can be made by using sparse matrix and
perturbation methods.

5. In each of the preceding conclusions, the qualify-
ing phrase “in principle” means “provided enough com-
putational power is in hand.”

These calculations may be considered a validation of
the current state-of-the-art molecular scattering theory
and gas kinetic theory. Although not described here,
these calculations also served as benchmarks for simpler,
more approximate methods. The latter are now being ap-
plied to deuterium/hydrogen rotational transitions in the
upper atmospheres of the outer planets (J. Schaefer and
L. Monchick, unpublished data). One immediate appli-
cation is the estimation of the deuterium/hydrogen con-
centration in the atmospheres of Jupiter, Neptune, and
Saturn."
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