










coordinates). Once such coordinate relationships are 
known, shape functions defining geometry can be speci­
fied in local coordinates, and a one-to-one correspon­
dence between Cartesian and curvilinear coordinates can 
be established. An isoparametric mapping, as defined 
earlier, is applied to map a three-dimensional curved ge­
ometry (physical space) onto a cube (computational 
pace). The main objective of the present development is 

to provide the three-dimensional computational grids 
around complex geometries in a structured fashion. The 
p eudospectral element grid-generation scheme present­
ed here uses a multiple block structure; the global com­
putational domain based on the geometrical configura­
tion is divided into a few blocks, and each block is then 
arbitrarily partitioned by the pseudospectral elements. 
The grid generation is performed in two levels. First, 
each block is defined as a parent element, of which the 
shape can be defined by a curved isoparametric pseu­
dospectral element. Next, appropriate family elements 
linearl y ( or higher-order) interpolating the shape func­
tion of their parent elements are allocated within each of 
these blocks. In other words, a cubic element that con­
tains + 1,. NYJ + 1, and Nr + 1 collocation points 

= YJj = cos(7rjINYJ), rk = cos(7rkINr)], in 
the transformed space, -1:::; :::; 1, -1:::; YJ :::; 1, 
-1 :::; r :::; 1 (Fig . 1), corresponds to an irregular or regu-
1ar six-faced (hexahedral) element in the physical space. 
For an isoparametric mapping, once the collocation 
points (x, y, z) along the curving boundaries of each par­
ent element are known, the interior points (including the 
boundaries of family elements) are interpolated by 
deforming the (t YJ , f) mesh into its (x, y, z) image using 
the "trilinear blending function,,:l0 that is , the grid points 
(x, y, Z)ijk in the physical space are mapped onto = t , 
YJ = YJj' r = rk) in the transformed space. Figure 1 sum­
marizes the technique of an isoparametric mapping for 
grid generation: 

If we let ¢ be any value of (x, y, z), the interpolation 
translates the Boolean sum II into the form 

y 

x 

(26) 

s= 
-1 

Pseudospectral Element Method 

where the "projectors," P'T/' and P!' interpolate ¢ be­
tween two opposing faces of the six-sided region; the 
double-product projector, interpolates ¢ in two 
directions from the four edges along which and YJ are 
constant; and the triple-product projector, ,inter­
polates ¢ from the eight corners. With linear interpola­
tion functions defined as 

the explicit expressions for the face projectors are 

= N (I)(O¢(l, YJ , r) + YJ , r) 

PTJ¢ = N(l )(YJ)¢(t 1, r) + N (2)(YJ)¢(t -1, r) 

(27) 

P!¢ = YJ , 1) + N (2)(r)¢(t YJ , -1) , (28) 

and the edge projectors are 

= 1, f) 

+ -1, f) 

+ N (2)(ON(I)(YJ)¢(-I, 1, r) 

+ -1 , -1, r) 

YJ , 1) 

+ YJ, -1) 

+ N (2)( ON(l )(f)¢( -1, YJ, 1) 

+ N (2)(ON(2)(f) ¢ (-I, YJ , -1 ) 

s= 
1 

= 1 

Figure 1. Three-dimensional isopara­
metric mapping of family elements. 

..,., = -1 
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P7I Pt¢ = N (I\Y'J ) ( I ) ( f)¢ (~ 1, 1) 

+ (1)(1]) (2) (f) ¢ ( t 1, -1) 

+ N ('2) (1] ) ( I ) (f)¢(~ -1 1) 

aorta. Fluid d namic help u to under tand the charac­
teri tic of uch flow and th ir po ible phy iological 
con equence .12 

It i t pical in uch flo that there will be regions 
near the branch point her the flo circ ulates around a 
tagnant region. E ample ar hown in Figures 2 and 3. 

+ (2)(1]) (2) (f )¢ (t -1 -1) , (29) The location of the flow recir ulation zone (low shear re­

and the corner projector i 

P~ P7IPt¢ = N (I)(n (I )(1]) (I)(f)¢(l , 1, 1) 

+ (I)(n (I )(1]) (2)(f)¢ ( 1, 1, -1) 

+N(I)(n (2)(1]) (2)(f)¢ (l, - 1, -1) 

+N(I (n (2) ( 1]) (I)(f)¢ (l , -1 1) 

+ N (2)(n (1)( 1]) (1)(f)¢ (-1 , 1, 1) 

+ N (2) (~ ) (1)( 1]) (2)( f )¢(-1, 1 -1) 

+ ( 2 ) ( ~ ) (-)( 1]) (l)( f )¢(-l -1 , 1) 

+ (2)(n (2)(1]) (2)(f )¢ (-1 , -1 , -1) (30) 

where the urface function ¢( ~. 1], 1) can be adequatel 
represented by an i oparametric ten or product uch that 

i=Oj=O 

and similarly for the edge function ¢ ( t 1, 1) . 

¢(t 1, 1) = ~ i (n¢(~ i ' 1, 1) (32) 
i = 0 

Here Ni(~) and j (1] ). the hape function of each parent 
element derived from the Cheby he polynomial , read 

i (n = ~ Tm (~)TII/ ( ~ ;) (33a) 
III = 0 

j (1] ) = ~ T I1 (1] )TI1(1]) (33b) 
11=0 

where the matrice TII/(n and Tm(n ha e been defined 
by Equation 19 and Equation 25, re pectively. The hape 
functions Ni(n and / 1]) ati f the Kronecker-delta 
property that i ,Ni ( ~ III) = Dim' j (1]/1) = OJ//" 

In an analogou manner, other undefined urface and 
edge function can be derived without an difficulty. It i 
obvious that Equation 26 interpolate the surface bound­
ary functions exactly. 

BIFURCATION BLOOD FLOW 
Flow in branching tube occur in man ituation. In 

particular they appear in the human carotid artery and 
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g ion) pia a ignificant role in the early stages of 
athero clerotic Ie ion. Two-dimen ional flow models 
onl pro ide a impl ie of thi problem, and many of 
the important effect cannot b adequately described by 
them. 

Figure 4 roughl repre ent the three-dimensional hu­
man carotid bifur ation onfiguration. A simplified bi­
furcation model Fig. 5 i adopted here because of the 
lack of actual repre entation of the carotid artery. A 
tead flo in tead of pul atile flo at the entrance is as­
umed for implicit . For th t\ o-dimen ional bifurcat­

ing flo , the characteri ti locity and length defi ning 
the Reynold number, Re = Llv, are ba ed on the max­
imum elocit and half-width of the up tream channel 
L. We ha e allocated 10 X 4 lements (six points per ele­
ment in th tream i e and tran ver e directions along 
each channel . 

For Re = 500 with a bran hing angle of 90° (sym­
metry condition). the flo parate immediately from 
the upper or 10 er all of a h branch . and the maxi­
mum tream function i t/;ma'( = 1.34 4 (Fig . 2) . The 
quantit t/; i d fined b U l = at/;Iay and Uy = -at/;Iax, 
where u i the horizontal I it . For a mmetric bifur­
cation flow, if the flo rate i initiall pe ified at each 
branch. the total pre ure drop from the ntrance to the 
exit along each channel i not the arne. 

Figure 2. Streamline pattern for the symmetric bifurcation flow 
at a Reynolds number of 500 . The dimension L is the half-width of 
the channel. 
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Figure 3. Streamline pattern for the asymmetric bifurcation flow 
at a Reynolds number of 500. A. The half flow rate is specified. B. 
The flow rate is adjusted (compatible pressure drop) along each 
branch. The dimension L is the half-width of the channel. 

Figure 3A shows an asymmetric branch for Re = 500 
and a branching angle of 7l.5 0 , with each branch con­
taining half the flow rate of the upstream channel. The 
resulting streamlines (l/;max = 1.3503 in the upper 
branch) are very similar to those of Figure 2, except for a 
strong downward current existing in front of the bifurca­
tion point; however, the total pressure variation in the 
upper channel (0.06756) differs from that of the lower 
one (-0.01398). Hence, the flow rate along each branch 
needs to be adjusted so that the total pressure drop along 
each channel is compatible. Since the relation between 
the total pressure drop and the flow rate is quasi-linear, 
following Newton 's method, the corrected flow rate 
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Common 
carotid 
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Figure 4. Three-dimensional representation of human carotid 
bifurcation. 

Figure 5. Simplified three-dimensional bifurcation model and 
coordinate system. 

along each branch can be adequately determined by a 
few iterations. 

Figure 3B shows the modified streamlines (l/;max 
= 1.3536 in the upper branch) by imposing the constraint 
that the same total pressure drop (~p = 0.0134) along 
each channel can be reached. Figure 3B also indicates 
that the separation along the upper branch has been de­
ferred to a further downstream position because of the 
switching flow from the lower one. Similarly, the reat­
tachment length is slightly increased. 

For the three-dimensional bifurcation flow, only the 
symmetric condition was examined. With a uniform 
depth of.J2 L in the spanwise direction, the multi-block 
scheme is shown in Figure 6. In addition to having the 
same number of elements in the streamwise (0 and 
transverse (n directions as in the two-dimensional flow, 
three elements were used in the spanwise direction (YJ). 
As expected, because of the finite domain in the span­
wise direction, the three-dimensional velocity profiles 
deviate from the two-dimensional ones. This result is ap-
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Figure 6. Three-dimensional configuration of domain decom­
position (multiple blocks), showing the number and letter desig­
nations used for computational purposes. 
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Figure 7. Velocity vectors for a Reynolds number of 500 in 
three-dimensional flow along the central plane (7J = 0.707 
where 7J is the spanwise direction). The arrow indicates the flow 
separation zone where early atherosclerotic lesions tend to oc­
cur. The dimension L is the half-width of the channel. 

parent in comparing the velocity vectors of the three­
dimensional flow (Fig. 7) along the central plane (11 = 
0.707) with those of the two-dimensional flow (Fig . 8). 
The separation appearing in the two-dimen ional flow 
becomes weak in the three-dimen ional flow. Thi 
weakening occurs becau e the higher flow rate in the 
central plane (11 = 0.707) of the three-dim en ional flow 
causes thinner boundary layers along the upper wall of 
the branch. 

INTERNAL WAVES 

We now look at some example that go beyond the 
constant-density approximation. In many geoph sical 
situations, the density i approximately con tant in the 
horizontal but varies in the vertical. The Bou inesq ap-
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Figure 8. Velocity vectors for a Reynolds number of 500 in two­
dimensional flow. The dimension L is the half-width of the chan­
nel. 

proximation i ery u eful in uch ituations, neglecting 
uch ariation e cept in the term giving the gravitation­

al force. We u e the appro imation here to discuss the in­
ternal wa e that ari e hen a den ity- tratified fluid is 
di turbed. The e a e generalize ordinary surface 
wave that can be thought of a occurring in a fluid with 
onl two den itie -tho e of air and water. Such waves 
can be remotel en ed b nthetic aperture radar. Here 
we focu on two t pe : int rnal a generated by the 
collap e of the wake left b hind b a ubmerged body 
moving in a tratified fluid, and tho e generated by the 
mo ing ubmerged bod it elf. The latter ca e is more 
complicated to anal ze b cau e urface and internal 
wa e interact with the primar flow field. 

Wake Collap e 
Experiment conducted b Wu 13 ha e demonstrated 

the collap e of ami ed region in a linearly density-strati­
fied fluid, and hi experimental re ult adequately de­
cribe the i ible and often p ctacular effects of internal 

gra ity a e . He al 0 de cribed three tages by which 
the perturbed fluid eek it equilibrium den ity level. In 
uch phenomena. an 0 cillating flow of energy occurs 

from potential to kinetic and back. To capture this effect 
accurately. we u e a fourth -order Runge-Kutta time-in­
tegration cheme,4 hich do a good job of conserving 
energ in the following imple te t problem. When an in-

i cid den ity- tratified fluid in a quare bo ith each 
ide of length 6 i di turbed b a Gau ian den it p r­

turbation, p ' = - (Po ,. (y - Yc)exp[-0.693 "/"c):t here 
"c = 0.5, )'c = 3, and ' (Po)" = -0.003134, the di i ion of 
the total energ into poterHial energ (PE ), 

and kinetic energ (KE ), 
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KE = ~ f f (po + p' )(U
2 + V 2

) dx dy , (35) 
A 

will vary with time. Figure 9 sketches the energy ver­
us the Brunt-VaisaHi period , Nt/27r (N = [( - g/ Po) 

(apo/ay) ] 1/2). The Brunt-Vaisala or buoyancy frequency, 
. i the angular frequency with which a fluid particle 

di placed vertically will oscillate about its original posi­
tion. The total energy is conserved with 0.28% error at 
eight Brunt- Vcii sala periods. 

We now apply this technique to a numerical simula­
tion similar to Wu's experiment. A fluid with a linear 
density gradient, (-l!p*)(po)" = 0.00025 cm- I (p* is a 
reference density, 1 g/cm3

), IS confined within a rigid 
tank about 440 cm long and 120 cm high. A uniformly 
mixed circular region with a radius of 15.6 cm was 
placed in the middle of the tank as an initial disturbance. 
The top surface is assumed to be a stationary free surface 
(no shear stress); that is , the fluid is allowed to develop 
along the horizontal direction. Internal waves generated 

Pseudospectral Element Method 

by an initial collapse of the mixed region result in the 
displacement of a fluid particle away from its equilibri­
um state (density change) , and consequently causes an 
oscillatory motion. Flow patterns can be represented by 
moving rays connecting either crests or troughs. These 
rays originate from the collapse center and decrease their 
slopes when moving away from the core region. Such 
phenomena can be clearly visualized by the evolution of 
isopycnic (constant density) lines as shown in Figure 10 
at the times Nt = 3, 6, 9, and 12. 

Submerged Body Moving in a Thermocline 
When the fluid is stratified, the wake patterns around 

a moving obstacle significantly differ from those in a 
homogeneous fluid. Two key parameters account for 
most features of flow motion-the Reynolds number, 
Re = UL/1I , and the Froude number, Fr = UINL, where 
U is the body speed and L is the characteristic length. For 
large values of Re and Fr, the effect of stratification is 
expected to be relatively unimportant; however, if the 
Brunt-Vaisala frequency, N, is dominant (small Fr) , the 
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Figure 9. Energy partition versus 
Brunt-Vaisa.la period, NtI27r. The line, 
T, indicates the normalized total ener­
gy, whereas the black line, P, and the 
blue line, K, are the potential and kinet­
ic energies, respectively. 
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Figure 10. Isopycnic lines at various times, Nt. A. Nt = 3. B. Nt = 6. C. Nt = 9. D. Nt = 12. 
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strong stratification will di stort the wake in front of and 
behind a moving obstacle and will tend to suppre vor­
tex shedding behind an obstacle. When uch condition 
exist, the transport of mas , momentum, and energy by 
turbulent eddy mixing requires more work again t the ef­
fective gravitational field by con uming the kinetic ener­
gy; hence, the vertical motion i inhibited. The effect of 
lee waves on the wake of an obstacle i more pronounced 
as the Reynold number become maIler. In a reali tic 
environment, a moving obstacle will be ituated in one of 
three vertical regions: above (top mixing layer), below 
(weak den ity gradient), or within a thennocline, and the 
resulting flow fields will be different for each region. 

A numerical experiment wa conducted by horizon­
tally moving a cylinder in a linear density- tratified fluid 
at Re = 100 (ba ed on the diameter of a cylinder). The 
gridding generated by the i oparametric pseudospectral 
element method i plotted in Figure 11. The vortex hed­
ding behind a cylinder in a homogenous fluid (Fr = 00 

in Fig. 12A) i compared with tratified fluid at 
Fr = 1.15 (Fig. 12B) and Fr = 0.77 (Fig . 12C). The 
vortex shedding, as expected, is gradually inhibited by 
continuously increa ing the Brunt-Vai ala frequency. 
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