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P,P:¢ =N (N (O)e(E, 1, 1)
+ NONI(De(E, 1, -1)
+ NN D(OS(E, -1, 1)
+ NN (e, -1, -1), (29)
and the corner projector is
PiP,Prd = NUENVN(©(1, 1. 1)
+ NOEN N ((1. 1. =1)
+ NOEND@NI(©e(1, -1, -1)
+ NOENIN (1, -1, 1)
+ NOENN (-1, 1, 1)
+ NPEONNI(O(-1, 1, -1)
+ NOEN N1, -1, 1)
+ NOENINI(Od(-1, -1 , =1), (30)

where the surface function ¢(&. n. 1) can be adequately
represented by an isoparametric tensor product such that

N N
o 0. )=Y X NENmoE.n. 1),

(31)
i=0 j=0
and similarly for the edge function ¢(£. 1. 1).
N
¢¢ L= X N(®aE: 1. 1), (32)
i=0

Here N;(&) and N;(7), the shape functions of each parent
element derived from the Chebyshev polynomials, read

N

Ni(£)= E Tm(S)Tm(SI)

m=0

(33a)

N
Nm= X T,mT, ). (33b)

n=0

where the matrices 7,,(£) and T,(£) have been defined
by Equation 19 and Equation 25, respectively. The shape
functions N;(£) and N;(n) satisfy the Kronecker-delta
proper[Y* that iS, Ni(gm) = 6im~ N[ (nn) = 6_[;1‘

In an analogous manner, other undefined surface and
edge functions can be derived without any difficulty. It is
obvious that Equation 26 interpolates the surface bound-
ary functions exactly.

BIFURCATION BLOOD FLOW

Flows in branching tubes occur in many situations. In
particular, they appear in the human carotid artery and
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aorta. Fluid dynamics helps us to understand the charac-
teristics of such flows and their possible physiological
consequences.

It is typical in such flows that there will be regions
near the branch points where the flow circulates around a
stagnant region. Examples are shown in Figures 2 and 3.
The location of the flow recirculation zone (low shear re-
gion) plays a significant role in the early stages of
atherosclerotic lesions. Two-dimensional flow models
only provide a simple view of this problem, and many of
the important effects cannot be adequately described by
them.

Figure 4 roughly represents the three-dimensional hu-
man carotid bifurcation configuration. A simplified bi-
furcation model (Fig. 5) is adopted here because of the
lack of actual representation of the carotid artery. A
steady flow instead of pulsatile flow at the entrance is as-
sumed for simplicity. For the two-dimensional bifurcat-
ing flow, the characteristic velocity and length defining
the Reynolds number, Re = UL/, are based on the max-
imum velocity U and half-width of the upstream channel
L. We have allocated 10 X 4 elements (six points per ele-
ment) in the streamwise and transverse directions along
each channel.

For Re = 500 with a branching angle of 90° (sym-
metry condition), the flow separates immediately from
the upper or lower wall of each branch, and the maxi-
mum stream function is ¢, = 1.3484 (Fig. 2). The
quantity ¢ is defined by u, = dy/dy and u, = —9y/dx,
where u is the horizontal velocity. For asymmetric bifur-
cation flow, if the flow rate is initially specified at each
branch, the total pressure drop from the entrance to the
exit along each channel is not the same.

Figure 2. Streamline pattern for the symmetric bifurcation flow
at a Reynolds number of 500. The dimension L is the half-width of
the channel.
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Figure 3. Streamline pattern for the asymmetric bifurcation flow
at a Reynolds number of 500. A. The half flow rate is specified. B.
The flow rate is adjusted (compatible pressure drop) along each
branch. The dimension L is the half-width of the channel.

Figure 3A shows an asymmetric branch for Re = 500
and a branching angle of 71.5°, with each branch con-
taining half the flow rate of the upstream channel. The
resulting streamlines (Y.« = 1.3503 in the upper
branch) are very similar to those of Figure 2, except for a
strong downward current existing in front of the bifurca-
tion point; however, the total pressure variation in the
upper channel (0.06756) differs from that of the lower
one (—0.01398). Hence, the flow rate along each branch
needs to be adjusted so that the total pressure drop along
each channel is compatible. Since the relation between
the total pressure drop and the flow rate is quasi-linear,
following Newton’s method, the corrected flow rate
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Figure 4. Three-dimensional representation of human carotid
bifurcation.

Figure 5. Simplified three-dimensional bifurcation model and
coordinate system.

along each branch can be adequately determined by a
few iterations.

Figure 3B shows the modified streamlines (.,
= 1.3536 in the upper branch) by imposing the constraint
that the same total pressure drop (Ap = 0.0134) along
each channel can be reached. Figure 3B also indicates
that the separation along the upper branch has been de-
ferred to a further downstream position because of the
switching flow from the lower one. Similarly, the reat-
tachment length is slightly increased.

For the three-dimensional bifurcation flow, only the
symmetric_condition was examined. With a uniform
depth of y2 L in the spanwise direction, the multi-block
scheme is shown in Figure 6. In addition to having the
same number of elements in the streamwise (£) and
transverse ({) directions as in the two-dimensional flow,
three elements were used in the spanwise direction (7).
As expected, because of the finite domain in the span-
wise direction, the three-dimensional velocity profiles
deviate from the two-dimensional ones. This result is ap-
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Figure 6. Three-dimensional configuration of domain decom-
position (multiple blocks), showing the number and letter desig-
nations used for computational purposes.
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Figure 7. Velocity vectors for a Reynolds number of 500 in
three-dimensional flow along the central plane (n = 0.707,
where 7 is the spanwise direction). The arrow indicates the flow
separation zone where early atherosclerotic lesions tend to oc-
cur. The dimension L is the half-width of the channel.

parent in comparing the velocity vectors of the three-
dimensional flow (Fig. 7) along the central plane (n =
0.707) with those of the two-dimensional flow (Fig. 8).
The separation appearing in the two-dimensional flow
becomes weak in the three-dimensional flow. This
weakening occurs because the higher flow rate in the
central plane (7 = 0.707) of the three-dimensional flow
causes thinner boundary layers along the upper wall of
the branch.

INTERNAL WAVES

We now look at some examples that go beyond the
constant-density approximation. In many geophysical
situations, the density is approximately constant in the
horizontal but varies in the vertical. The Boussinesq ap-
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Figure 8. Velocity vectors for a Reynolds number of 500 in two-
dimensional flow. The dimension L is the half-width of the chan-
nel.

proximation is very useful in such situations, neglecting
such variations except in the term giving the gravitation-
al force. We use the approximation here to discuss the in-
ternal waves that arise when a density-stratified fluid is
disturbed. These waves generalize ordinary surface
waves that can be thought of as occurring in a fluid with
only two densities—those of air and water. Such waves
can be remotely sensed by synthetic aperture radar. Here
we focus on two types: internal waves generated by the
collapse of the wake left behind by a submerged body
moving in a stratified fluid. and those generated by the
moving submerged body itself. The latter case is more
complicated to analyze because surface and internal
waves interact with the primary flow field.

Wake Collapse

Experiments conducted by Wu'’ have demonstrated
the collapse of a mixed region in a linearly density-strati-
fied fluid, and his experimental results adequately de-
scribe the visible and often spectacular effects of internal
gravity waves. He also described three stages by which
the perturbed fluid seeks its equilibrium density level. In
such phenomena, an oscillating flow of energy occurs
from potential to kinetic and back. To capture this effect
accurately, we use a fourth-order Runge-Kutta time-in-
tegration scheme.” which does a good job of conserving
energy in the following simple test problem. When an in-
viscid density-stratified fluid in a square box with each
side of length 6 is disturbed by a Gaussian density per-
turbation, p” = — (pg), (v — v.)exp[—0.693(r/r,)*]. where
r.=0.5, y.= 3, and (p,), = —0.003134, the division of
the total energy into potential energy (PE),

<

PE=~—

1 | ¥

(0o, JJ (o) dx dy . (34)
A

and Kinetic energy (KE ).,
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A

will vary with time. Figure 9 sketches the energy ver-
sus the Brunt—Viisdld period, Nt/2w (N = [(=g/po)
(8p,/dy)]1""?). The Brunt—Viisili or buoyancy frequency,
N. is the angular frequency with which a fluid particle
displaced vertically will oscillate about its original posi-
tion. The total energy is conserved with 0.28% error at
eight Brunt—Viisild periods.

We now apply this technique to a numerical simula-
tion similar to Wu’s experiment. A fluid with a linear
density gradient, (—=1/p%)(po), = 0.00025 cm™ (p* is a
reference density, 1 g/cm®), is confined within a rigid
tank about 440 cm long and 120 cm high. A uniformly
mixed circular region with a radius of 15.6 cm was
placed in the middle of the tank as an initial disturbance.
The top surface is assumed to be a stationary free surface
(no shear stress); that is, the fluid is allowed to develop
along the horizontal direction. Internal waves generated

Pseudospectral Element Method

by an initial collapse of the mixed region result in the
displacement of a fluid particle away from its equilibri-
um state (density change), and consequently causes an
oscillatory motion. Flow patterns can be represented by
moving rays connecting either crests or troughs. These
rays originate from the collapse center and decrease their
slopes when moving away from the core region. Such
phenomena can be clearly visualized by the evolution of
isopycnic (constant density) lines as shown in Figure 10
at the times Nt = 3, 6, 9, and 12.

Submerged Body Moving in a Thermocline

When the fluid is stratified, the wake patterns around
a moving obstacle significantly differ from those in a
homogeneous fluid. Two key parameters account for
most features of flow motion—the Reynolds number,
Re = UL/v, and the Froude number, Fr = U/NL, where
U is the body speed and L is the characteristic length. For
large values of Re and Fr, the effect of stratification is
expected to be relatively unimportant; however, if the
Brunt—Viisilid frequency, N, is dominant (small Fr), the
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2 P Figure 9. Energy partiton versus
o 061 Brunt-Vaisala period, Nt/2x. The line,
& T, indicates the normalized total ener-
T 04 F gy, whereas the black line, P, and the
g K blue line, K, are the potential and kinet-
Z 02 1 ic energies, respectively.
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Figure 10. Isopycnic lines at various times, Nt. A. Nt = 3.B. Nt = 6. C. Nt = 9. D. Nt = 12.
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strong stratification will distort the wake in front of and
behind a moving obstacle and will tend to suppress vor-
tex shedding behind an obstacle. When such conditions
exist, the transport of mass, momentum, and energy by
turbulent eddy mixing requires more work against the ef-
fective gravitational field by consuming the kinetic ener-
gy; hence, the vertical motion is inhibited. The effect of
lee waves on the wake of an obstacle is more pronounced
as the Reynolds number becomes smaller. In a realistic
environment, a moving obstacle will be situated in one of
three vertical regions: above (top mixing layer), below
(weak density gradient), or within a thermocline, and the
resulting flow fields will be different for each region.

A numerical experiment was conducted by horizon-
tally moving a cylinder in a linear density-stratified fluid
at Re = 100 (based on the diameter of a cylinder). The
gridding generated by the isoparametric pseudospectral
element method is plotted in Figure 11. The vortex shed-
ding behind a cylinder in a homogenous fluid (Fr = oo
in Fig. 12A) is compared with stratified fluids at
Fr=1.15 (Fig. 12B) and Fr =0.77 (Fig. 12C). The
vortex shedding. as expected, is gradually inhibited by
continuously increasing the Brunt—Viisili frequency.
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