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The theory of elD image is closely allied with that of 
low-energy electron diffraction (LEED). a theory that wa 
developed in the late 1960 and early 1970 .-l With LEED. 

the important quantit i the inten ity of individual 
beam that are ela ticall back cattered (diffracted) from 
the cry tal and often di played a pot on a hemi pheri­
cal fluore cent creen,2 with inela tically cattered elec­
tron prevented from reaching the creen by retarding 
grids. Comparing the inten it of LEED beam a a func­
tion of primary beam energy with the experimental 
results allows the extraction of u eful tructural informa­
tion about the cry tal urface . With elD on the other 
hand, the total ela tically diffracted component i of in­
terest; that is, the urn of all the LEED beam that can 
backscatter from the cry tal at a particular energ and an­
gle of incidence determine the total ela tic component 
of surface reflectivity. Structural information on m­
metry and atomic position is derived from elD image b 
comparison with theoretical calculation of the ela tic 
component of reflectivity. 

ION-CORE SCATTERI G 
A characteri ti c length of the incident electron beam, 

termed the coherence length, i the di tance on the cr -
tal urface within which all atom wi ll experience radia­
tion of equal amplitude and pha e. The coherence length 
at LEED energie (10 to 1000 e V) i on the order of 
500 A,4 a di tance that encompa e about 200 urface 
unit cell, depending on the cry tal; thu , the incident 

electron beam can be taken a an infinitely wide beam on 
the micro copic cale. de cribed b a plane wave. 
Mathematically. the incid nt beam of amplitude A and 
po ition r can be ritten a A e p(ik o ' r ) with energy 
E = h2Ik of /2me' here Ii i Planck' con tant divided by 
27r , me i the electron rna ,and Ikol i 27r/ Ao, with Ao the 
electron a elength out ide th cr tal. A schematic of 
an electron beam taken a a plane wa e incident in the 
normal direction on a cr tal urface i hown in Figure 
2. Localized ion cor trongl ela tically scatter the 
electron, herea delocalized conduction or valence 
electron are primaril re pon ible fo r the inelastic pro­
ce e that dimini h th amplitude of the incident beam 
penetrating into the bulk cry tal. where it eventually de­
ca . The cry tal i therefore modeled a a periodic array 
of phericall mmetric potential located at atomic po-
ition that de cribe the tightl bound ore electrons of 

the cry tal atom . The e pot ntial are immer ed in a 
complex potential termed the inner, or optical , potential. 
The real part of the inner potential i taken a a con tant 
and account for the contribution of the delocalized elec­
tron to the ela tic catt ring of the electron probe; this 
interaction i weak . The imaginary part i dependent on 
the incident electron' n ro and take into account the 
inela tic cattering proce e that attenuate the amplitude 
of the electron beam. 

The calculation fir t proceed b con idering the cat­
tering of an incid nt ele tron b an i olated pherically 

mmetric ion core: -l that i . th Schrodinger equation 

lko Y Incident beam 
------------------ I -- J -------------------------
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Figure 2. Schematic of an electron 
beam of energy E taken as a plane 
wave incident in the normal direction to 
the crystal surface. The dashed lines 
indicate the wavelength of the electron 
beam in the crystal "inner" potential 
VO(A = 27l' \ 2E - 2 VoL One scattering 
event is drawn where scattered waves 
radiate from the ion core (scattering 
center) with amplitudes dependent on 
the scattering angle Os. 
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must be solved for the many-electron system that con­
sists of the tightly bound core states, tfn(ri, sJ for elec­
tron i in quantum state n, and the wave function of the in­
cident and scattered electrons, ¢(rj, s), where r j is an 
electron-position coordinate and Sj is the spin coordinate 
of electron j. This many-electron function satisfies 

here 

<P(r l , SI . .. r N+ 1> SN+ I) = E (- I)P ¢(r l , SI) 
P 

(1) 

(2a) 

is the many-electron wave function for the N core elec­
trons plus the incident or scattered electron, and 

(2b) 

is the many-electron Hamiltonian. Here m and e are the 
electron mass and charge, respectively. Et is the total 
energy of the system, including all the core levels and in­
cident electron probe. The sum in Equation 2a is over all 
permutations P of electron coordinates, where an order 
derived from the initial order by an even permutation of 
two electrons results in a positive sign, and an odd ex­
change contributes negatively. This wave function satis­
fies the condition that a many-electron wave function 
must be anti symmetric with respect to the exchange of 
any two particles. The Hamiltonian (Eq. 2b) is a sum 
over the single-particle kinetic energy operators and the 
electrostatic potentials describing the interaction of an 
electron with the nucleus of charge Z and the electrostat­
ic repulsion between electrons. In this equation, ~(r) is 
the potential due to screening by the delocalized elec­
trons and is constructed so as to make the ion-core region 
electrically neutral. Thus, when the electron probe is ex­
ternal to the ion core, it is in a field-free region except for 
the constant term of the inner potential. 

At first sight, the solution of Equation 1 seems formi­
dable, but there is much information about the system 
that can be used to advantage. The total energy Et is the 
sum of the incident electron energy and the total energy 
of the core states E t co Because the energy (20 to 1000 
e V) of the incident electron is much higher than the con­
duction or valence electrons (3 to 5 e V), the screening 
charge has relatively less effect on the LEEO or cm elec­
tron than on the conduction electrons. Thus, the main ef­
fect of the screening electrons is to ensure charge neutral­
ity, and most reasonable approximations of the screening 
potential in the ion-core region will yield satisfactory 
results.4 The core electrons are also tightly bound and not 
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easily polarized by the incident electron. Thus, we can 
take for the core states the known solutions for the free 
atom, and the functions tfn(ri, sJ are elements of a com­
plete orthonormal set, which can be exploited to obtain 
an equation for ¢(r, s) alone. The cm electron wave 
function can be decomposed into partial waves centered 
on the ion core 

¢(r, s) = E al,mas¢1 (I r I)YI.I11 (O , ¢) , (3) 
I,m 

where Yl m(O, ¢) is a spherical harmonic, al m is the am­
plitude of the partial wave I,m, and a s is a spin function. 
Because the ion core is spherically symmetric, it cannot 
absorb angular momentum, and each partial wave com­
ponent land m is consequently conserved. The partial 
waves ¢I behave independently and satisfy 

_ ~ {! ~ [r 2 d¢/(r)] _ l(l + 1) ¢ (r)} 
2m r2 dr dr r2 I 

+ f oo V:, (r, r')cP{ ( r' )r'2 dr' = EcP{ (r) (4a) 
o 

inside the ion core and 

1i
2 [! ~ (r2 d¢/) _ l(l + 1) ¢ (r)] = E¢ (r) 

2m r2 dr dr r2 I I 

(4b) 

outside this sphere. In Equation 4a, V~x is a nonlocal 
operator called the exchange potential and is a direct 
consequence of the antisymmetric property of the many­
electron wave function (Eq. 2a). 

Solutions to Equation 4b in the region exterior to the 
ion core can be written in terms of un scattered, ¢~O), and 
scattered, ¢~s) , constituents, namely, 

(Sa) 

where 

and 
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In these equation ,h~l) and h~2) are pherical Hankel func­
tions of the fir t and econd kind of order 1.5 

In the limit of large argument r, h~l) behave a an out­
going wave, wherea h~2) act a an incoming wave. The 
term i, is the pherical Be el function of order I {3, i the 
amplitude of the incoming wave, and 8, i a pha e hift 
for angular momentum I. The incoming plane wave can 
be resolved into pherical component u ing the identity 

'=0 111=-' 
(6) 

where Q denotes both polar and azimuthal angle of it 
vector argument and the a teri k (*) indicate comple 
conjugation. Direct compari on of Equation 6 ith the 
solution to the Schrodinger equation in the region exter­
nal to the ion core (Eq. 5) establi he the amplitude {3,. 
The total cattered component of Equation 3 i con­
sequently 

(7) 

where (Jf ) i the angle between r and k , or the cattering 
angle, and P, i a Legendre polynomial. 

The pha e shift are determined by olving for the 
logarithmic derivati e 

¢ /(R) 
L , (R ) = ¢ , (R) (8) 

where ¢ ,(R) and ¢/ (R) are detelmined numerically from 

Equation 4a. Becau e the olution exterior to the ion 
core mu t match at the core boundar R, thi condition 
results in 

(9) 

for the phase shift, where a prime denote differentia­
tion with respect to r. Although the urn in Equation 7 i 
over all values of I in practice, onl a fini te number, in­
creasing with primary beam energy. are required to ob­
tain convergence. For example, at E = 50 eV, onl value 
of I up to 4 are sign ificant.4 Once accurate olution of 
the scattered wave (Eq . 7) are obtained for an ion-core 
potential , the ion core are assembled into periodic truc­
tures that are repre entati e of the cry tal and immer ed 
in the complex optical potential. 
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MUFFI -TI POTE TIAL 

The real part of the inn r p tential, 0 in Figure 3, i 
roughl th urn of the ork function (energy required to 
remo e an electron from th cr tal) and the Fermi ener­
g (energ of the highe t occupied conduction-band 
electron at temperature T = 0 K . The imaginary part of 
the inn r potential i dependent on the energy of the pri­
mary beam and r pre ent the 10 e uffered by the 
beam due to in la tic proce e. The imaginary part of 
thi potential make ela tic . 10 -energy electron scatter­
ing urface- pecific, b cau e the beam attenuates as it 
penetrate into the bulk cr tal: consequently, the elasti­
caII back cattered el ctron ample only the first few 
la er of atom . In Figure 3A the crystal surface is at 
: = 0, and the tran ition from acuum to crystal surface 
i along the negati e :-a i . The potential in this region 
i referred to a th urfac barrier, which can be thought 
of a being cau ed b an imag harge and i potentially 
ob er ed a fine tructure in th current-image diffrac­
tion (eID) image near the e ane cent condition for the 
emergenc of a n electron beam.3 Th re emblance of 
the potential to a muffin tin. accounting for its name, i 
e ident in Figur 3B. 

To the right of the origin in Figure 3A i the potential 
in ide the cr tal here the mmetricaII arranged ion­
core potential ar coulomb-lik , with region of con-
tant potential bet een them. the 0- aIled muffin-tin 

potential depicted three-dimen ionaII in Figure 3B. Un­
like X ra ,where cattering p r colli ion i eak, elec­
tron cattering i trong. and multiple attering e ent 
mu t be taken into account to obtain ac urate inten itie 
of the back cattered electron: thi feature make low­
energ electron cattering omputationall inten ive. 
Indeed, the calculation i made tra table onl b the peri­
odicit of th ion-core cattering center . The wa e func-

A V(z) 

A 

----~~------------------------------~ z 

Crystal 

B A V(x, y) 

Figure 3. Muffin-tin potential for a single crystal. A. The surface 
is at z = 0, and the approach to the vacuum is along z < 0. B. 
Three-dimensional perspective where the surface unit cell is giv­
en by a and b . (Vo = real part of inner potential. ) 
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tions at the various scattering centers have distinct phase 
relationships because of this periodicity. 

MULTIPLE SCATTERING 
Multiple scattering effects can be calculated in many 

ways, but only two approaches are described here. Both 
approaches proceed by dividing the crystal into planes or 
layer of atoms parallel to the crystal surface, with the di-

i ion dependent on the complexity of the structure. The 
tran mi ion and reflectivity of a plane or layer of atoms 
ar calculated for incident and scattered beams exterior 
to the plane or layer. The number of diffracted beams is 
determined by the primary beam energy, and their direc­
tion is fixed by crystal symmetry. The multiple scattering 
of the ion cores is treated self-consistently. For example, 
the scattering of an ion core centered at the origin of the 
surface unit cell is calculated for the incident plane wave, 
thereby determining the scattering of all other ion cores 
in other unit cells in equivalent positions, as they are 
related to each other only by differences in phase. The 
scattered waves from all the other ion cores are then 
treated as incident waves on the original core at the ori­
gin; that is, the scattering of the incident plane wave is 
corrected for multiple scattering effects by adding to the 
incident wave all the waves scattered from other ion 
cores. The summation over other ion cores usually con­
verges rapidly owing to absorption. 

The layers can be complicated entities involving 
several planes of atoms in which each plane of atoms has 
its ion cores in the same plane. For simplicity, we shall 
consider a single plane of atoms to constitute a structural 
unit, termed the surface unit cell, that replicates the plane 
by translations of lattice vectors, Rj , 

R j = 173 + mb , (10) 

where nand m are integers, and 3 and b are basis vectors 
in the plane for the basic structural unit (Fig. 3B). Both 3 

and b are determined by the symmetry of the positions of 
the atoms that make up the plane. The kth atom in the jth 
unit is denoted 

(11) 

where r k is a vector from the origin of the unit cell to the 
kth atom within it. To calculate scattering by this plane, 
consider the incident plane waves from the left of the 
plane (superscript plus signs) of the expression 

E U; exp(i K; . r) , 
g 

where the sum is over vectors of the reciprocal lattice g, 
which satisfy 

g . 3 = 27ri 

g . b = 27rj , (12) 
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where i and j are integers. The term U; is the amplitude 
of the gth beam, and K: is the complex wave vector or 
momentum of the beam g incident from the left of the 
plane (positive superscript) or right of the plane (nega­
tive superscript) . Here, atomic units are being used for 
notational convenience (/i2 = me = e2 = 1). In these atom­
ic units , the unit of energy is the Rydberg (27.2 e V), and 
the unit of distance is the Bohr radius (0.529 A). The 
imaginary component of K: attenuates the beam until it 
diminishes. The absolute values of these wave vectors 
are 

(13) 

where VOr is the real component of the complex optical 
potential. The plane waves can be reexpressed in terms 
of spherical waves centered on the kth atom in the unit 
cell at the origin, using the identity of Equation 6. 
Proceeding in much the same way as for a single ion core 
(Eq. 7), the scattered flux for many beams can be found 
by 

l/;~O) = E A~~?k ~{exp[2iDI(k) ] - I} h~l) (Klr - R jk l) 

Imjk 

x exp[ikoll . (Rjk - ROk)] Ylm [O(r - R j k)] , 

(14) 

where O(r - Rjk) stands for the angular coordinates of 
the vector (r - Rjk) and kOIl is the component of the inci­
dent wave vector parallel to the crystal surface. In deriv­
ing Equation 14, use was made of the identity 

or the wave function at R jk is identical to the wave func­
tion at ROk except for a phase factor. 

As it stands, l/;~O) includes scattering events of the in­
cident beams to atoms in the plane and does not include 
waves scattered from other ion cores incident on atoms 
within the plane. The total amplitude, including scatter­
ing from other ion cores on the kth ion core in the unit 
cell at the origin, is 

(16) 

where A~/~:k is the amplitude scattered from other ion 
cores in the plane. The term A~/~k depends on A lmk and 
consequently must be determined self-consistently. The 
amplitude of the wave at the kth atom in the jth unit cell 
is related to that of the kth atom in the Oth unit cell by 
just a phase factor (Eq. 15). By using this property and 
an expansion theorem for the product of spherical 
Hankel functions and spherical harmonics, an equation 
can be derived for the total scattered wave by the plane 
of atoms, including mUltiple scattering from all ion cores 
in addition to the incident beams.4 
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Because the e equation are rather complex, only the 
result will be repeated here. and the intere ted reader i 
referred to Pendr for the detail .~ The total amplitude 
V! including wa e that cattered and wave that pas ed 
through the plane without scattering, can be written a 

Vg+ , = E (/g'g + M!,:)Ug + M!,~ U;: 
~ e eo e eo 

(l7a) 
g 

and 

(l7b) 
g 

where Ig'g are elements of the identity matrix and U: the 
amplitudes of the incident plane wa e of wa e ector 
Kg incident from the left of the plane (po iti e uper­
script) and from the right of the plane (negative uper­
script). To gra p the complexity of the solution, element 
of the scattering matrix are explicitl 

++ Mg-g 

x exp [io l , (k ')] sin [01' (k ')] (18) 

where A i the area of a urface unit cell, and X i a ma­
trix with element gi en by 

I'm' 

x f Y Im(O)Y I'm' (0 )/"_111 H (0 ) dO 

[
KiOIll '0010 D (I,)] 

X 47r + 1'171 ' "S . (19) 

Note that in the e equation 01 i the traditional nota­
tion for a pha e hift; Oi.j i the Kronecker delta function 
( Oi.j = 1 if i = j and Oi.j = 0 for i * j). In Equation 19, 
D rill ' (ks) involve a urn over all the unit cell j, namely, 
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I. KI 5: 5: . 1'+171' 
Dl'm' ("'s) = 47r Um'.o UI'.O - IK(-I) 

(20) 

where the prime on the urn denotes the exclusion of the 
Oth unit cell from the urn. The total scattered wave func­
tion in term of the amplitud (Eq. 17) is 

1/;(0)= = E \, ~, p(iK!, . r ) 
g ' 

to the left and right ide of the plane. 
Although in our ketch of the thear ju t de cribed we 

have re tricted our el e for implicit to a ingle plane 
of atom, Equation 1 i more general; that i , r " may al-
o ha e a : component, and the ingle plane can, in fact, 

be a la er of atom. Thi hould u uall be a oided, be­
cau e the dimen ion of X depend on the number of ion 
care in the unit cell. hich re ult in computer ineffi­
ci ncie for man differ nt ion core in a embling X and 
determining the in er e of I - X ). For a ingle plane of 
atom of pherical mm tr . the cattering matrix i in­
d pendent of the ide of the plane on hich the plane 
wave are incident, that i . M-- = M -- and M++ = M --. 
The comple it of a 10 - nerg electron diffraction 
(LEED) or a current-image diffraction ( eID calculation i 
cau ed in part b the profu ion of b am that re ult 
from a plane a e triking a plane or la er of atom , 
much akin to plucking a lamped tring and anal zing 
the re ulting motion in term of th tring' normal 
mode. The number of the b am i limited onl by the 
energy becau . for larg g, the a e b come e ane -
cent and die a a . For the elD calculation . once the 
cattering matri for the plan or layer of atom i deter­

mined. the la er-doubl ing or renormal ized forward ­
cattering thear i u ed to complete the calculation for 

the total ela tic component of the reflecti it . 
The la er-doubling ch me for calculation proceeds 

b taking the ingle la r or plane and doubling it at the 
cr tal la er eparation. The tran mi ion and reflectivi­
t computation are th n r p ated for the tran mitted and 
reflected b am eternal to the doubled la er. Thi com­
po ite la er i again doubled. and the proce i repeated. 
Eight identical la er or plane are u uall ufficient to 
approximate the emi-infinite cr tal. Thi the method 
of choice for 10 primar -b am energie tho 
u ed to probe urface potential effect .4.6 

Another method u ed to obtain eID image i the 
renormalized for ard- cattering perturbation method.~ 
Perturbation theorie in general fail for electron cat­
tering at low energie . primaril becau e of the trong 
lectron-ion-core cattering at the e energie . Pendry 

developed a perturbation approach that do uc eed. 
however, and achie e more computer e onom than 
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other methods. This method exploits the fact that only 
the forward-scattering events are strong, ()s < 90°. Con­
equently, forward scattering is treated to all orders of 
cattering. This method proceeds by considering all scat­

tering events between layers 0 and j. That is, in zero 
order, no scattering of the incident beam occurs as it 
passes through all the intervening layers and emerges 
from layer j ; in first order, only one scattering event oc­
cur between the surface and the beams emerging from 
la r j. This single-scattering event must be summed 
o er all the layers, however. After the zero-order and 
fi r t -order terms are found, the second-order, third-order, 
and so on, are considered until , finally, forward-scatter­
ing occurs from every intervening layer, including the 
layer j. This sequence can be summed to give an exact 
expression for the forward-scattering amplitude; thus, 
the strong forward scattering is treated exactly. Backscat­
tering is dealt with by using the perturbation theory, a 
method that greatly reduces the computational time and 
is the method of choice for higher primary-beam ener­
gies (Ep > 20e V). 

The symmetry of a crystal surface is immediately ap­
parent by reference to the eID or LEED patterns. The pre­
cise structural determinations proceed by judiciously 
choosing, according to solid-state chemical principles, 
the atomic positions. The LEED intensities of the emer­
gent beams are calculated as a function of primary-beam 
energy and compared with the experimental results. Ad­
justments to the atomic positions are then made, and the 
process is repeated. Thus, a structural determination can 
involve considerable computer time, making computa­
tional efficiency highly desirable. 

RESULTS 

The calculations of the following eID images were 
made using the Laboratory 's mainframe computer and a 
Cray-l computer located at Kirtland Air Force Base in 
New Mexico. Most of the source programs used in these 
computations are the LEED programs of Van Hove and 
Tong.7 

Figure 4 shows the results of intensity calculations of 
the elastically backscattered electrons using the renor­
mali zed forward-scattering (RFS ) perturbation theory 
along the three directions, as indicated in the inset. The 
inset also shows the position of the atoms in "real" space, 
along with the directions in the reciprocal lattice. To 
facilitate comparison of theory and experimental results , 
the total reflectivity was calculated as a function of the 
angle of incidence of the primary beam at 130 points, 
forming a grid in one octant of the (100) face of alumi­
num (AI). These calculations were done for a primary­
beam energy of 6.55 hartrees (1 hartree = 27.2 e V) rela­
tive to the muffin-tin potential. The points in this octant 
were interpolated using cubic spline functions to a total 
of 1250 points for the octant. The theoretical eID image 
(Fig. 5) was created by assuming a linear-response func­
tion and using computer imaging methods. The contrast 
in this generated image has been reversed so that bright 
areas correspond to low reflectivities (i.e. , they cor­
respond to the experimental measurements) . This image 
resembles the experimental em image of Figure IB taken 
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Figure 4. Theoretical elastically backscattered electron current 
for AI(100) as a function of angle of incidence along the (1 , 1) 
direction of the reciprocal lattice (circles), the (1 , 0) direction (cir­
cles and triangles), and midway between (squares) . The primary­
beam energy is 6.55 hartrees relative to the muffin-tin potential. 

at 5.96 hartrees, suggesting, in turn, that the real part of 
the inner potential is 16 eV ([6.55 - 5.96] x 27.2). The 
largest discrepancy between theory and the experimental 
image is the large experimental reflectivity at the center 
(() = 0°) , which theory predicts should be smaller and 
weaker. This difference can be attributed to the neglect of 
temperature effects in the theory and the energy-broa­
dened primary electron beam, which would also explain 
the features in the experimental pattern being less sharp 
than expected from the theoretical image. 

Figure 6 shows theoretical em patterns as a function 
of the distance between the top two planes of atoms for 
the ( Ill) surface of aluminum. These images exhibit the 
symmetry of the (Ill) surface2 and indicate the sensitiv­
ity of the em images to layer displacement. Temperature 
effects are included in the theoretical images. Close 
correlation seems to exist between the image at an inter­
layer spacing of 2.512 A and the experimental image 
measured at 21 eV with respect to the vacuum (Fig. lC). 
Theory and LEED experiments predict a slight relaxation 
outward of the first two layers for the AI( Ill) surface 
from the bulk spacing of 2.338 A. 
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Figure 5. Theoretical image on the (100) aluminum surface for 
a primary-beam energy of 6.55 hartrees relative to the muffin-tin 
potential. High reflectivity is indicated by dark areas. 

Figure 6. Theoretical current-image diffraction (CIO) patterns of 
the (111 ) surface of aluminum calculated for an electron beam 
energy of 30 eV with respect to the vacuum for the indicated dis­
tances (in A) between the surface layer and the second layer of 
atoms compared with an experimental CIO image. The layer 
spacing of the bulk crystal is 2.338 A. The relative intensity of 
reflected electrons is indicated by the color table at the bottom of 
the figure . The experimental image for this surface was mea­
sured at E = 21 eV with respect to the vacuum. 

CONCLUSION 
In thi s article, we have briefly outlined the calcula­

tion required to obtain theoretical ClD images , Both the 
ClD and LEED method immediately give symmetry infor­
mation about the particular surface under inve tigation; 
to obtain more detailed information require extensive 
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computation , The ad antage of the ClD method over that 
of LEED rna be in the in e tigation of surface potential 
effect where the urface potential i responsible for the 
fine tructure that appear in the ClD images near the 
emergence condition for a new LEED beam,6 When a 
diffracted beam tart to exit the cry tal at near grazing 
angle. a portion of the beam i reflected from the surface 
barrier. i rediffracted from the fi r t atomic layer back in­
to the undiffracted or pecular beam, and then exits the 
cr tal , Thi phenom non i manifested by sharp lines in 
the ClD image ,6 
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