











It is then readily found that expressions 19 and 25
agree for large negative s except for the argument of
A(f). An expression uniformly valid in the outer part
of the wave pattern (|¢ — ¢, |/¢, small) is then

I(r,¢) = A(6)(2r) ~"[g(s) + if(s)]

with

_<La_0 cos? ¢, )%'n(tb—dﬂ) @7
S = 27 a, sin ¢, cos ¢ . 0

and 0 = 6, — % (cos ¢,/cos @) sin (¢ — @) (as de-
rived from Eq. 18).

The asymptotic phase function ¥ can be written, us-
ing Equation 21 or 22,

a, cos® ¢, (xsin g, — y cos ¢g)?
4a, sin ¢, x '

¥ =

(28)

An instrument at rest with respect to the water will
register the variation of some field quantity like horizon-
tal velocity. If positioned at a distance y from the ship
trajectory (with ky > > 1), the asymptotic part of the
phase variation should be

242 2 2
a Cot” cos” @, wol
2 = t>0

V= AT

4a, cyt + y cos ¢ ’(29)

where ¢ = 0 corresponds to the moment when the in-
strument passes through the critical angle of the wave
pattern. The instantaneous frequency w = dy/d¢ as seen
by the instrument is

1

(1 + t/T)Z] ’ (30)

w(?) = w [1 =

where

Na, " [1 N l/d ]
= —— cos —_—
0= 0 a? + (I/d)>

and
T = (y/v) cot ¢, .

These asymptotic results are useful in the far field, well
away from the axis (¢, > ¢ > ¢,/3, say). For the
choice of parameters illustrated in Figure 5, the first wave
front is found at approximately ¢ = ¢,/2 even 1 km
from the source. This means that a result like Equation
27 may only be accurate after a few kilometers.
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Figure 5. The critical angle and constant phase lines (¢ =
27) for the first two modes; Aplp = 0.015,d = 3m,/ = 8m,
and v = 2.5 m/s.

WAVES FROM MOVING POINT SOURCES

In the following, we consider the response from a
point source moving with a velocity v at a fixed depth
h (=d) in the upper mixed layer. In that layer the ve-
locity field is irrotational, given by the gradient of a
potential ®. If we are in the rest frame of the source,
we take ® to be

m m
b= — + — + &, @31)
[ r_

where r2 = x* + y?> + (z £ h)? m is the source

strength, and ®, satisfies the Laplace equation every-

where in the upper layer. Note that the first terms give

a vanishing normal derivative at the surface (z = 0).
The horizontal Fourier transform of & is

d = § S ® e kT gr

m =
= (e~Hs=hl g o~Methly 4 By . (32)

where r = (x,,0) and &, satisfies the equation
8°®,/3z> — k*®, = 0. In the lower layers, the verti-
cal component of velocity w satisfies Equation 3.
Taking the Fourier transform of Equation 3 and as-
suming steady state (3/dt — —v-V), we obtain

L 2o
a—z2+kKW=0, (33)

where k2 = [N*/(v-k)?] — 1.
The vertical velocity in the three layers (denoted I, II,
and III from the top) is
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W, = mle™MM — 7Kt sgn(z + h)]
+ A sinh kz (34)

Wy = Bcos kk(z + d) + Csin kk(z + d)

Wy = E ek@rdh

Note that w(0) = w(— o) = 0. At the interfaces (I, II)
and (II, III), the kinematic and dynamic boundary con-
ditions require that # and dw/dz are continuous. This
gives the relations

B = 2me % cosh kh — A sinh kd
kC = 2me ¥ cosh kh + A cosh kd

(35)
E = B cos kkl — C sin kkl

k(B sin kkl + C cos kkl) .

where r and k are the unit vectors along r and k, respec-
tively. The first term is the horizontal surface current
from the two first terms in Equation 31, and the second
term contains the current induced by the radiated inter-
nal waves.

Taking the radiation condition (or causality condition)
into account (see Ref. 5), the integral in Equation 38 is
to be interpreted as follows. The substitution v-k — v-k
— e (¢ > 0) makes the integral well defined, and one
interprets Equation 38 as the limit when e — 0. This rules
out waves upstream of the source, when v > ¢;.

Using polar coordinates k,6, and keeping only the con-
tribution from the poles, the second term of Equation
38 becomes

/2
S (—cos 6, sin 6, 0)F, (§)e~Kr=s®+0) gp | (39)
bo

where

—2mK?k* cosh Kh

F1(0) =

Eliminating B, C, and E from Equation 35, we get

2mN*
A = 5 € tan k/k cosh kh , (36)
D(v-k)

where D = «k(cosh kd + sinh kd) + tan (klk)(cosh kd
— «? sinh kd). The dispersion relation (Eq. 7) (with w
= k-v) is equivalent to the equation D = 0. The field
quantities can now be found by inverse Fourier trans-
form. Concentrating on the induced surface current U,
we have from the equation of motion that its Fourier
transform U is parallel to k. The equation of continuity
then gives

U= '(k/kz)a—w
=4 iz (37)

z=0
= 2i(k/k)yme="" + 2im(k/k)
N2

X s e " tan «lk cosh kh .
D(v-k)

The induced surface current then becomes

2mr
x>+ P+ A

imNZ ® R e—kd+ik-r (38)
- S S—oo D(v-k)?

U(r) = —

™

X tan klk cosh kh dk ,
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x*Kd —

Kl — 1 + (k* + 1) sinh Kd(e*® + Kd sinh Kd) ’

and K is the solution of the dispersion relation (Eq. 14).
Actually, there is one integral like Equation 39 for each
mode of internal waves (or each solution of the disper-
sion relation, D = 0).

The corresponding expression for the velocity field at
arbitrary depth is

(u,w)

w/2 ¢ s
—i i
= — W cos 6, —W'(z sin0,Wz]
Sao [K (2) k7 (2)

% F] (0)e—il<rcos(d>+6) do s (40)

where W(z) is given by Equation 5 with iU = 1.

We are interested in internal waves generated by a sur-
face vessel. The ship is represented in a crude manner
by a source and a sink separated by a distance 2L, both
moving along the line of separation with velocity v. With
source strengths m and —m, and with the origin mid-
way between the source and the sink, the surface cur-
rent becomes

U(r + L) — U(r — L) , 41)

where U(r) is given by Equation 38, and X is the unit
vector along the x-axis.

The wave-induced part of the surface current (Eq. 41)
is similar to the integral in Equation 39, with a new fac-
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tor 2i sin(k, L) in the integrand. Thus, the factor F; (f)
in the right-hand side of Equation 40 is replaced by the
expression

F,(0) = 2isin(k,L) F, (0) . 42)

To calculate how the surface gravity waves are in-
fluenced by the current induced by the internal waves,
it is important to know the divergence of the surface cur-
rent, given by

/2
VU= - S KF, () ™K «s+0) g . (43)
%o

NUMERICAL SIMULATIONS

The asymptotic results derived previously allow direct
physical insight into general properties of the internal
wave field generated by the moving ship. For detailed
studies of the field as a function of model parameters,
however, a complete numerical simulation code is prefer-
able. Such a code will take as its starting point the ex-
pression for the velocity field for a given internal wave
mode generated by the moving ship modeled as a di-
pole (Eq. 42) or, better, as a sum of suitably spaced
dipoles.

The numerical task involves the solution of the dis-
persion relation (Eq. 14) for the given wave mode and
angle of propagation 6. Most of all, however, the task
involves the evaluation of phase integrals of the form

b
S F(O)eiG(G) db s

a

where F(f) is a slowly varying function but where the
real function G(f) diverges as 6 approaches the upper
limit of the integration interval—generally after first go-
ing through an extremum. The properties of this extre-
mum have already been used for the asymptotic evalua-
tion of the integral.

It is well known that for oscillating integrands, clas-
sical integration schemes like the trapezoidal rule or
Romberg’s method become unsuitable because of sig-
nificantly reduced convergence rates. We have therefore
developed an integration method based on integration
interval division and the repeated use of Aitken’s con-
vergence acceleration scheme.®

The integration interval is divided into part intervals
(0;,0;,1) such that |G(6,,,) — G(6;)] = m. Successive-
ly improved approximations 7, 79, 19, . . . of the
contribution /; to the phase integral from a given part
interval / are derived using the trapezoidal rule and in-
tegration point doubling. This series of approximations
next forms the basis for the repeated application of the
Aitken convergence acceleration scheme,

k+1)_ gk
=1

K N2k *) (k)
W — I IRy — 2P, + 15

Ly 72
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to determine /;. The phase integral is now
— ,l,l_n;lo S" ;
where

S =Y I .
i=0

We take Sy, S, S,, . . . as a new sequence of approx-
imations to which the repeated Aitken acceleration
scheme outlined above is again applied. The calculation
stops at a certain part interval » when a suitable con-
vergence criterion is satisfied.

The numerical simulation method for evaluating the
phase integral as outlined above can be made accurate
and fast. The accuracy can be judged by evaluating tabu-
lated integrals like the Fresnel and Airy integrals.

We have chosen to simulate the surface vessel by two
dipoles, as

® = m[®, (x + Lyzh) — & (x — L,y,zh)
+ cd, (x + (b + a)L,y,z,h)

— @ (x + (b — a)L,y,z,h)] , 44)

where @, (x,y,z,h) is the velocity potential induced by
a source of strength 1, moving at a constant speed v at
a depth 4 (<d). The first dipole has strength m and
separation 2L, and the second has strength cm and sepa-
ration 2aL. Both dipoles are moving with speed v in the
x-direction at a depth 4, but the center of the second
dipole has been displaced by bA relative to the first.

A more complete model, the so-called thin-ship model,
has been used by Hudimac? for a two-layer model of
the ocean. Here, the velocity potential is

& = » S S M ®, (x — o,»,2,8) dadB ,
27 . do
0 (45)

where y = {(x,2) is the shape of the hull, and S, is its
centerplane section. If we compare Equations 44 and 45,
a reasonable estimate of the dipole strength should be

A
R . (46)
27(1 + ©)

where A, is the area of the midship transverse section
(below the water line). In the following, we have cho-
sena = 0.75,b=0.1,c =05 L =25m,and h =
2.4 m.
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COMPARISON WITH EXPERIMENT

We compared our model results with in sifu measure-
ments from the Sognefjord internal wave experiment per-
formed near Kaupanger, Norway, during July 1988.

In the experiment, the trawler Saebjgrn (51 m long,
9 m wide, 6 m draft) was run on a constant course at
a speed of 2 m/s over nearly 3 km. Measuring instru-
ments (among them a conductivity, temperature, and
density (CTD) instrument and two UCM-40 current meters)
were deployed from a second ship, H. U. Sverdrup, at
rest at a distance of 200 m from the course of Saebjorn
(see Fig. 6). The measurements discussed below were
from run 3, starting at 1352 local time (GMT + 2 h)
on 7 July.

In Figure 7, the depth profile of the relative decrease
in density [1 — p(z)/p(—20)] is calculated from the cTD
records. The three profiles shown were recorded at the
times shown in the figure. Even those taken only 3 min
apart show considerable variation. Variations with a
characteristic time in the range 8 to 10 min are seen in
the current data for the same period. Unfortunately, this
is the duration of the interesting part of the run. We
do not have a profile closer in time to run 3 (which start-
ed at 1352 local time) than the one at 1029. As one way
to choose between the extremes shown in Figure 7 we
have used the frequency spectrum of the current records

v

<=\ 200 m

Saebjorn of
H. U. Sverdrup

Figure 6. Experiment geometry for the H. U. Sverdrup and
the Saebjgrn.

1029 local time
1019

1022
-10.0

Depth, z (m)

-15.0

0 0.006

1 Il
0.012 0.018 0.024

1-p(2)/p(-20)
Figure 7. The depth profile of the relative density decrement

[1 — o(2)/o(— 20)] calculated from the cTD data on 7 July at
1019, 1022, and 1029 local time.
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from run 3, shown in Figure 8. We interpret the fre-
quency where a ‘‘signal’’ rises clear of the noise level
as the Brunt-Viisdld frequency, fy = N/2w, which is
estimated to be between 0.04 and 0.05 Hz. The cor-
responding frequency calculated by fitting a straight line
through the pycnocline region gives approximately 0.032
Hz for the 1029 local time profile and 0.043 Hz for the
1022 local time profile. This is clearly in favor of the
upper profile (1022) in Figure 8.

Figure 9 shows the time series from the CTD instru-
ment, and Figure 10 shows the corresponding time se-
ries for the vertical velocity w at depths of 4 and 6 m,
as produced by the current meters.

For comparison with the theoretical model, we use the
arrival time #, (after the time of closest approach be-
tween Saebjgrn and Sverdrup) of the ship-induced in-
ternal wave train. As a measure of #,, we take the first
appreciable dip in the salinity time series (correspond-
ing to a maximum of the downward displacement), giv-
ing about 7, = 340 s. We also use the period T of the
first discernible wave in the salinity time series, giving
T in the range 65 to 75 s.

We checked ¢, by comparing it with the arrival of
the first dip in the lower current meter [w(—6)] at ap-
proximately 310 s. Since the dip should arrive one-fourth
of a period before 7, it seems to indicate that the esti-
mate of 7, may be somewhat large. The uncertainty in

500 T T T T T

400 5

300 1

200 ]
100 ]

1
B
625 T T T T T

500

375
2501
125
0 1

1
0.014 0.042 0.070
Frequency (Hz)

Spectral density (arbitrary units)

1
0.098 0.126

Figure 8. The spectral density of a vertical velocity time se-
ries, starting at 1352 local time, 7 July. A. 4-m depth. B. 6-m
depth.
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Figure 9. CTDtime series, starting at 1352 local time, 7 July.
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Figure 10. Vertical velocity time series from the same period
as Figure 9. A. 4-m depth. B. 6-m depth.

each reading (considering that there is a noisy back-
ground of comparable amplitude) is between 5 and 10 s.

Figure 11 shows the model-generated signal profiles
of the velocity components of the first mode along a
track parallel to the ship trajectory at a distance of 200
m (i.e., the shortest distance between Saebjorn and
Sverdrup) taken at depths of 4 m (Fig. 11a) and 6 m
(Fig. 11b). From such profiles we have generated Table
1, which lists the values that the model produced for
fns to, T, and the direction 6, of the first wave trough
(with respect to the ship’s direction), for several values
of the model parameters v, d, /, and Ap/p.

The parameters in columns 1 and 2 of the table pro-
duce values that are too large for 7 and too small for
fn- These two cases are modeled from the cTD record
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Figure 11. A model-generated signal profile (lowest mode).

This section is along a parallel trajectory at y = 200 m. A.
zZ= —-4m.B.z = —6 m. Here, Aplp = 0.022,d = 2.5 m,
I =3m,andv = 2 m/s.

taken at 1029 local time (see Fig. 7). Column 3 gives ac-
ceptable values, while column 4 gives too large ¢,
values. The rest of the columns show how small varia-
tions in v, d, /, and Ap/p (from the values in column
3) affect the other parameters. In the following, we use
the model parameters of column 7.

Figure 12 shows the depth profile of the vertical ve-
locity for the first two modes for periods of 35 and
70 s. Figure 13 shows a signal profile in a direction 75°
to the ship’s course. The profile shows the two compo-
nents of surface velocity, U, and — v -U.

In Figures 11 and 12, we have chosen the source
strength m such that the amplitudes of the model sig-
nals of w(—4) and w(—6) (Fig. 11) are roughly the same
as in the corresponding measured signals. This is
achieved by using m = 10, a reasonable value consider-
ing the velocity and dimensions of the ship. (The esti-
mate, Eq. 46 with ¢ = 0.5 and 4, = 50 m?, gives a
value of m = 10.)

Finally, some comments on the higher wave modes
are pertinent. In the model simulations, we noted that
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Table 1. Calculated parameters (fy, to, T, 61) for given model parameters (v, d, /,

Ap/p).

Case
1 2 3 4 5 6 7 8 9 10 11
v (m/s) 2 2 2 2 2 22 2 2 2 2 2
d (m) 250225 3 3 3 3 2.5 3 2 3 3
! (m) 525 4 3 2 3 3 3 4 3 2 2
Ap/p  0.022 0.017 0.022 0.018 0.019 0.022 0.022 0.022 0.022 0.019 0.020
fv (Hz) 0.031 0.032 0.043 0.047 0.036 0.043 0.043 0.037 0.043 0.048 0.050
ty (s) 352 415 325 390 353 330 342 318 384 381 370
T (s) 81 86 78 74 82 75 78 83 74 74 72
0, (deg) 24 18 22 18 21 20 21 23 19 19 20
op ’g 10 r ' ' T L
2 3
i 1 3 2
-5 2 5 055 __
355 g Eo
E 8o
I i q e
-1 T=70s >0 0 £x
S o <
Ke] o T
15} S e
g5 0.5
5 2
20 F ~ 5 o
= T 40 1 1 | 1 -1
~ 0 100 200 300 400 500
£ 3 x (m)
280
o / Figure 13. The model-generated signal profile at the sur-
face (z = 0). This section is along a line at 75° to the ship’s
-5 7 course starting at x; = 1200 m, yo = —600 m. Here, Aplp
=0.022,d =25m,/ =3m,andv = 2 m/s.
T=35s
-10 70s =1
is simple and can be run on a personal computer be-
-15 7 cause the model chosen for the vertical density profile
permits analytic expressions for the dispersion relation
20} - and the vertical velocity profiles for the different wave
modes. Our model of the surface vessel is also simple
(two dipoles).
= W) When we compared the results from the model with

Figure 12. The depth profile of vertical velocity at two differ-
ent wave periods. A. First mode. B. Second mode. Here, Aplp
=0022,d =25m,/ =3m,andv = 2 m/s.

the second mode had a rather small amplitude compared
with that of the first mode, perhaps because our source
is restricted to the upper (mixed) layer. In the field data,
we looked for evidence of a higher mode part of the
“‘ship signal’’ using also the data from a thermistor
chain. We were unable to find such evidence.

CONCLUSION

We have described a theoretical (numerical) model for
internal waves generated by a moving surface vessel. It
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field data from the Sognefjord experiment, the model
did surprisingly well, as far as could be checked.

The results are rather sensitive (see Table 1) to the
slope of the density profile. Since the profile may vary
over time (even over the time scale of a single run), it
would be desirable in future field experiments to mea-
sure CTD profiles at frequent intervals both before and
after a run.

As to the strength of our wave source m, we have
made a theoretical rough estimate (Eq. 46) by compari-
son with the so-called thin-ship model. Using the dimen-
sions of Saebjprn, we found to our surprise that the
estimate gave approximately the correct amplitudes of
the ship wave signal.

In the simulations, the higher wave modes were less
efficiently excited by our moving source, so we concen-
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trated on the lowest mode. For the field data, we were
not able to identify positively higher mode components
in the ship wave signal.
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