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sen (see their article elsewhere in this issue), the source­
sink theory of internal wave wake generation predicts 
the wake pattern in the horizontal plane shown in Fig­
ure 8 for supercritical Froude number flow. The outer­
most crest of the internal wake has an angle with respect 
to the centerline, ¢o, given by 

where Co is the infinite-wavelength internal wave speed 
and V is the ship speed. For values of Co =:: 0.8 mls 
(as calculated from the observed density profiles) and 
for V = 2 mis, ¢o =:: 23 0. This angle is not, howev­
er, that of the first observable wake arm, which occurs 
near the location of the first maximum downward dis­
placement. The curves t/; = constant give the lines of 
constant wave phase. The curve t/; = 27r in Figure 8, 
which lies inside the region of maximum strain, gives 
the horizontal locus of the first zero crossing of the am­
plitude. The region of maximum strain rate lies approx­
imately one-half to three-fourths of the local wavelength 
outside the t/; = 27r curve, and that region is presumed 
to have the maximum surface roughness. 

Figure 12 in the Dysthe and Trulsen article (elsewhere 
in this issue) shows the eigenfunctions for the first two 
internal wave modes, whose associated dispersion rela­
tion is that of Figure 3 in this article. The ship-wake 
waves generally lie in the dispersive, curved portion of 
the latter diagram. Their Figures 11 and 13 illustrate 
modeled horizontal and vertical currents (u, v, and w) 
as derived from the theoretical model. 

The 51-m-Iong Saebjr/Jrn generated multiarm internal 
wave wakes with a half-angle of about 17° for the lead­
ing crest and with decreasing angles interior to the wake 
arm. The visible surface signatures persisted for at least 
2 km behind the ship (the run geometry prohibited gener­
ation of longer crests). The peak-to-trough amplitude of 
the internal waves, as measured approximately 800 m 
behind the ship at a depth of 4.7 m, was about 1.5 m. 
No Kelvin wake is visible at these low speeds. Figure 9 
shows the vertical component of internal wave wake cur­
rent as measured by ultrasonic current meters at a depth 
of 4.7 m. 

Surface wave observations made by TRW were of two 
general types: (1) The laser slope gauge yielded wave­
slope spectra for wave numbers, k x , along the propa­
gation direction of the internal waves; we denote these 

Figure 8. Horizontal pattern of internal wave constant-phase 
lines, showing the position of the measurement ship, Sverdrup. 
The first visible wake arm lies approximately one-fourth of the 
distance between y; = 0 and y; = 27r. (Illustration provided by 
the Norwegian Environmental Surveillance Program and the Uni­
versity of Troms¢.) 

fine-grained measurements by where is the 
surface wave slope. (2) A wave-height capacitance gauge 
gave the temporal behavior of wave heights near the re­
gion of radar observations and allowed the calculation 
of surface-wave-height frequency spectra, Sew). The la­
ser slope gauge gives the component of surface slope 
spectra in the x-direction (internal wave propagation 
direction) for wavelengths from approximately 0.20 m 
to 3 mm. Coincident with the laser measurements, the 
TRW observatory determined several other variables: the 
longer components of the surface wave spectra via a 
three-wire capacitance gauge; internal wave amplitudes 
via a subsurface, 200-kHz echo-sounder; and X-band 
radar backscatter at 40° incidence angle, for both polar­
izations, from the same region of water surface being 
scanned by the laser. Figure 10 illustrates the average 
surface-wave slope spectrum for Run 4 on 12 July 1988. 
Over a range of wave numbers from approximately 0.33 
to 3.0 cm - 1, the slope spectrum obeys a power law 
close to - k; 3.2 . The roll-off at lower wave 
numbers results from the limits on the size of the re­
gion scanned by the laser. The peaks at higher wave 
numbers are artifacts of the instrumentation; the high­
frequency response is limited by the measurement of la­
ser beam position at the detector. 

Time series of the surface wave heights obtained from 
the APL spar buoy show that the dominant wind-driven 

Figure 9. Vertical component of in­
ternal currents induced by the Sae­
bi¢rn at a depth of 4.7 m. The distance 
from the Saebi¢rn track is 200 m. 
(Illustration provided by the Norwe­
gian Hydrotechnical Laboratory.) 
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Figure 10. Surface-wave slope spectrum from the TRW laser 
slope gauge. The gauge can resolve gravity/capillary waves be­
tween approximately 0.20 m and 3 mm. The high-frequency peaks 
are artifacts. (Illustration provided by TRW, Inc.) 

surface waves have periods near 2.5 s. In addition to 
the surface waves, the internal wave motions also ap­
pear in the time series. Because of fluid drag and buoy­
ancy changes exerted on the spar buoy by the internal 
waves, vertical oscillations starting at periods near 70 s 
and descending to 30 s are impressed on the buoy. The 
phasing of the surface and internal wave signals shows 
that the surface waves are statistically stronger near the 
descending part of the internal waves. The data also 
show that the surface waves accompanying the internal 
waves are quite coherent, have periods near 1.3 s 
(wavelengths near 1 m), and have peak-to-trough am­
plitudes on the order of 0.2 m. These waves are reso­
nant with the internal wave phase speeds and can 
therefore exchange energy with the waves to the greatest 
extent. The resonance requirement is approximately that 
the group speed of the surface waves, cg , be equal to 
the phase speed of the internal waves, ci • For deep­
water surface gravity waves, cg = 0.5 ccp' where Ccp is 
the surface wave phase speed, and the resonance require­
ment can be written as 

For both natural and man-made internal waves, the 
phase speeds quite often fall in the range of about 0.4 
to 0.8 m/s. It then follows that the wavelengths of the 
resonant surface waves (after speed changes and refrac­
tion by the internal currents through which they travel 
to arrive at a region of resonance) will generally fall in 
the range of about 0.4 to 1.6 m. This range is observed 
in the present experiment. 
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Figure 11. Oelta-k matched illumination to internal wave crests 
showing how the internal wake is sampled by the delta-k radar 
footprint. Water wavelengths and frequencies are effectively 
"chirped" during ship passage. (Illustration provided by the Nor­
wegian Environmental Surveillance Program.) 

Observational Results: Radar Scattering 
Single-Frequency Results. The geometry of the experi­

ment (Fig. 6) was such that with a given radar footprint, 
the ship internal-wave wake arms first entered the beam 
pattern a few minutes after the ship passed, slowly 
crossed the beam, and then exited after approximately 
15 min. Power scattered from the water surface is ap­
proximately centered on the frequency of the Bragg 
waves but is broadened by the distribution of scatterers 
in the wave field. Both advancing and receding waves 
contribute to the Doppler spectrum. The internal waves 
are seen as an enhancement of the backscattered power 
during their passage because of the extra roughness ac­
companying them. 

Delta-k Results. Figure 11 shows how the delta-k il­
lumination can be regarded as a time- and space-depen­
dent matching process. The ship internal wake has low 
spatial frequencies in the outer part of the arms that 
rapidly increase to higher values closer to the centerline 
(Fig. 8). Similarly, a cut through the pattern at constant 
distance from the centerline generates a time-varying sig­
nal that sweeps upward in frequency (Fig. 9). Thus, the 
wake may be regarded as being" chirped" in both space 
and time. 

As discussed earlier, the delta-k matched illumination 
can be regarded as undergoing scatter from a kind of 
surface-wave diffraction grating at the difference 
wavelengths Lij = c/2flfij' As the wake moves past the 
radar footprint, different members of the 15 beat 
wavelengths will scatter from the wake arms at differ­
ent times, resulting in the spatially integrated signal from 
all waves within the footprint being a complicated func­
tion of time. Figure 12, a theoretical mapping of the in­
tensity of backscatter versus time, shows how various 
wave number components resonate with the wake as it 
passes through the radar footprint. 

As with the single-frequency case, it is possible to cal­
culate two-sided Doppler spectra of the complex, time-
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Figure 12. Backscattered delta-k power variations in time and 
wave number as the internal wave progresses through the beam. 
At anyone time, a variety of spatial scales contributes to the 
integrated power. (Illustration provided by the Norwegian En· 
vironmental Surveillance Program.) 

dependent delta-k signals. Figure 13 shows the detector 
output for Run 3 on 7 July for 6 of the 15 difference 
frequencies, plus total power (the bottom curve). The 
inserts give the delta-k Doppler spectra for those signals. 
Note that only the lower difference frequencies show ap­
preciable power. Each of these time series can be Fou­
rier transformed to obtain a Doppler spectrum. Figure 
14 shows spectra for the four lowest frequencies of 2.0, 
2.5, 5.0, and 7.0 MHz, as constructed from 2-min seg­
ments of the data of Figure 13 starting at 1408:30 Eu­
ropean Summer Time. The central peak in the flrst three 
of these plots is the delta-k resonance signal, which is 
quite narrow, but as t:lf increases, there are increasing 
amounts of off-resonance noise. At 7.0 MHz, the spec­
tral estimate is quite noisy, and no peak can be identi­
fied as coming from the wake. Note the narrow range 
(± 0.1 Hz) of Doppler frequencies in the plots. The peaks 
are quite sharp, with widths of less than 0.01 Hz. To 
resolve such narrow lines requires at least 100 s of sta­
ble data. These data, in principle, demonstrate the resolv­
ing power and signal-to-clutter ratio available with a 
delta-k implementation. 

Figure 15 shows a plot of the positions of the three 
resonant peaks in the Doppler spectra of Figure 14 (the 
data points) versus the difference frequencies, t:lfij' for 
the hillside C-band radar. Also plotted in the figure is 
the dispersion relation for internal waves. Because each 
wavelength within the internal wake moves with its own 
velocity, the delta-k Doppler shifts measure the line-of-
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Figure 13. Time variations of C-band difference frequency sig­
nals for 6 of 15 delta-k's (left), plus total power at single frequen­
cy (bottom); spectra of time series show narrow peaks at low 
M where matching occurs, and broadband noise at M ~ 7 MHz 
(right). In the upper part of the figure, the ordinate is receiver volt­
age; in the lower, receiver power (both are in arbitrary units). The 
dashed line in the upper right is the line of constant velocity; 
PSD denotes the power spectral density. (Illustration provided by 
the Norwegian Environmental Surveillance Program.) 

sight component of the wave phase velocity. The projec­
tion of the difference wavelength onto the water surface 
measures the wavelength of the resonant internal wave. 
This constitutes a mapping of the wave (w, k;) disper­
sion relation into the Doppler frequency-difference fre­
quency space. The agreement between these two com­
pletely independent measures of dispersion, one electro­
magnetic and the other hydrodynamic, is considered to 
be very good. Even better agreement for the 4.5 GHz 
system is shown in Figure 9 of Jensen's article elsewhere 
in this issue. 
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Figure 14. Doppler spectra for four C-band difference frequen­
cies, Run 3, 7 July 1988. The first three plots, for which !:if = 
2.0,2.5, and 5.0 MHz, show clear resonance peaks arising from 
matched illumination of internal waves; the fourth, for D.f = 7.0 
MHz, is quite noisy. 

The Metratek X-band radar is a significantly differ­
ent device from the Norwegian Environmental Surveil­
lance Program instrument. Termed a pulsed-delta-k 
(PDK) system, it works by transmitting a train of short 
pulses, each differing in frequency from the previous one 
by the desired amount. Pulse lengths can be made as 
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Figure 15. Peaks of three delta-k Doppler spectra from Fig­
ure 13 superimposed on the internal wave dispersion relation. 
Agreement is quite good between completely independent elec­
tromagnetic and hydrodynamic measurements. 

short as 20 ns, which is equivalent to a spatial resolu­
tion of 3 m. As long as neither the transmitter nor the 
target move appreciably between pulses (the frozen ocean 
approximation), the system should be functionally 
equivalent to the multifrequency system. The system does 
differ in an important physical aspect, in that the mul­
tifrequency cw system lays down an actual interference 
pattern in space through which the target moves. Al­
though an equivalent interference pattern exists for the 
PDK as a result of nonlinear processing in the receiver, 
opinion differs as to whether the PDK case yields the 
same results as does the cw case. 

A direct demonstration of the fact that scattering oc­
curs from the roughness accompanying the internal 
waves is given by Figure 16. Shown is a time series of 
the X-band delta-k scatter from a passing group of wake 
waves taken with a radar footprint small enough to re­
solve individual internal waves. The dimensions of the 
fan-beam footprint are 10 m in azimuth and 16 m in 
range. Significant scattering occurs from the area rough­
ened by the internal waves. This scattered signal shows 
a modulation depth of about 10 dB and a reduced level 
of backscatter from the surface between internal wave 
signatures. It is expected that several of the difference 
frequencies could be combined to increase further the 
matching signals and reduce the nonmatching noise; this 
will be attempted in the near future. The associated 
single-frequency modulation in radar cross section (not 
shown) is 3 to 5 dB. 

Radar Scattering Calculations 

The physics of the interaction between internal waves 
and surface waves is now reasonably well understood, 
at least for ocean wavelengths greater than 20 cm or 
SO.5 The mathematical description is given in terms of 
the wave action equation; the surface wave growth and 
decay are described by a relaxation-time approximation. 
The output of this calculation is the perturbed surface 
wave spectrum, S(k;x,t). The perturbation away from 
an equilibrium wind-wave spectrum is caused by both 
the near-surface internal wave current, u(x, y, Z = 0, t), 
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Figure 16. Time variations in backscatter observed in five delta-k channels at X band, as the internal wave crest moves through 
the 10-m by 16-m footprint. One wake crest lies within the radar beam from approximately 30 s to 78 s. (Illustration provided by 
Metratek, Inc.). 

and its surface strain rates, au/ax and au/ay. Here, u 
is the component of horizontal current in the direction 
of wave propagation. Both the current and its surface 
strain rates enter into the wave action equation. The per­
turbed spectrum is a slowly varying function of k, and 
the largest perturbation occurs near 27r/ k ::::: 1 to 2 m, 
as mentioned before. The spectrum is modulated in both 
space and time because of the variable internal currents. 
The article by Gasparovic et al. elsewhere in this issue 
gives an example of the methods used to calculate such 
perturbations. 

The theory of radar backscatter from the ocean has 
been applied to internal wave surface signatures in re­
cent years,6 and considerable progress has been made 
in the agreement between backscatter calculations and 
increasingly refined field measurements. Given a per­
turbed surface wave spectrum, the modulation in radar 
scatter caused by the perturbations may be calculated 
by using improved versions of the Kirchhoff scattering 
integral. Such calculations have been carried to the point 
that, for frequencies from L band to X band, they are 
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considered quite reliable. 5 At either lower or higher fre­
quencies, however, the calculations have not as yet been 
verified experimentally. Extant theory has been applied 
with fair success to the Sognefjord data in the cases ex­
amined to date, as the following shows. 

Figure 17 illustrates calculated currents and normal­
ized radar modulations for C, X, and W bands for one 
particular internal wave wake. The experimentally de­
termined amplitudes of six oscillations from Run 6 on 
12 July 1988 have been fitted with model functions for 
ease of computation, and the scattering integrals have 
been evaluated numerically along a path approximately 
200 m from, and parallel to, the ship track. It may be 
seen that the theory predicts an X-band modulation of 
the backscatter from the leading crest of about 10070, 
whereas the sixth arm is calculated to cause modulation 
of only a few percent. 

SUMMARY AND CONCLUSIONS 
The two-week-Iong Sognefjord experiment was con­

ducted with radar and in situ observations of a canoni-
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cal internal wave wake generated by a 51-m-Iong vessel 
in sharply stratified summer fjord waters. Coherent in­
ternal waves were generated in the measurement area that 
had periods from 70 to 30 s, double amplitudes ranging 
downward from about 1.5 m, and phase velocities be­
tween 30 and 70 cm/s. The visible internal wake crests 
extended at least 2 km astern of the wave-making ship. 
One arm of the internal wake was arranged to propa­
gate toward several radars mounted at an elevation of 
800 m on the moutainside or suspended from high­
voltage transmission lines traversing the fjord. The wake 
signals were clear to the eye, to video cameras, and to 
the radars, in wind speeds up to 10 m/s (20 kt) and in 
light-to-moderate rain. 

Subsurface and surface hydrodynamic measurements 
provided ground truth for the radars. Data available to 
define the hydrodynamic fields in the experiment area 
included density profiles; surface wave height and slope 
spectra; observations of both internal currents and 
longer-term, larger-scale currents; and conductivity­
temperature-depth time series. Surface meteorological 
measurements supported the in situ observations. 

Theoretical models of internal wave wakes were im­
proved and applied to the data, allowing the wake prop­
erties to be integrated and extended away from the 
observation area. The combined observational and the­
oretical internal wave wake, evaluated at the surface, per­
mitted theoretical calculations of radar scatter to be 
made. Doppler spectra were derived from both the ob­
servations and the models; such spectra were evaluated 
for both single-frequency and multifrequency delta-k 
modes. It was shown that the radar scatter and the spec­
tra could be understood in terms of extant theories for 
the subject. 
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The cw multifrequency delta-k radar appears to func­
tion conceptUally as a matched illumination, delta-k 
Bragg-like device that results in an enhanced signal-to­
clutter ratio when several of its difference wavelengths 
match the wavelengths of the internal wave targets. The 
pulsed multi frequency X-band radar appears to match 
with surface wave scales within a single internal wave 
crest, rather than across several crests. Time-domain 
signal-to-clutter ratios in excess of 10 dB are seen in 
modulated delta-k returns from spatially resolved inter­
nal wave crests. The same case processed as a single fre­
quency shows only a few decibels of modulation. 

The next three articles in this issue contain more ex­
tended discussions of several aspects of the Sognefjord 
delta-k experiment. First, Dysthe and Trulsen treat the 
subsurface hydrodynamics of the internal wake and com­
pare their calculations with experimental data. Jensen 
develops a theoretical foundation for the intuitive delta-k 
concepts presented here and also presents analyses of 
multiple-frequency data that show something of the ef­
ficacy of the method. Then, Thompson presents calcu­
lations of internal wave/surface wave hydrodynamic 
modulations and single-frequency radar backscatter 
therefrom. Finally, the article by Gasparovic et al., al­
though directed toward the Loch Linnhe synthetic aper­
ture radar experiment of 1987, contains additional mater­
ial on internal wave wakes in a fjord environment that 
is relevant here. 
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