
NONLINEAR FRICTION IN SERVOMECHANISMS 

PRECISION TRACKING SYSTEMS with error speci­
fications in the arc second range have created 

new interest in more accurate representations of 
friction in servomechanism design. The conven­
tional nonlinear friction model, l which assumes 
that friction forces can be represented by appro­
priate static, coulomb, and viscous components, 
represents a significant improvement over linear 
theory but does not adequately predict perform­
ance for arc second tracking in direct-drive servo­
mechanisms. 

To improve prediction, the nonlinear model was 
extended at APL by B. F. Hoffman and R. W. 

1 J . Tou and P. M. Schultheiss, " Static and Sliding Friction in Feed­
back Systems," J . Appl. Phys. 24, 1953, 1210-1217. 
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Fig. I-Cutaway view of experimental hardware. 
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Fowler* to include elastic deformation effects in 
the bearings and other friction-producing elements 
of the mount. This resulted in a high-performance 
tracking loop that gave smoother and more pre­
cise tracking than was predictable using the con­
ventional nonlinear friction model techniques. Al­
though bearing engineers have recognized for 
many years the existence of elastic deformation of 
bearings, control engineers have neglected this 
effect in control system models. The updated 
mathematical model developed thus retains the 
nonlinear differential equation for conventional 
friction but also incorporates a second empirical 
nonlinear differential equation to represent the 
elastic deformation phenomenon. Excellent cor­
relation has been obtained between observed hard­
ware behavior and predicted performance using the 
new model. 

The experimental hardware used in this study 
was designed specificially to investigate mount 
nonlinearities. The experimental mount shown in 
the cutaway view in Fig. 1 is a single axis, direct­
drive mechanical test fixture. The main drive elec­
trical torque motor and tachometer are of standard 
pancake designs with brushes. The motor has a 
maximum torque capability of 22 lb-ft. The pri­
mary rotor support consists of a preloaded pair of 
bearings 9 inches in diameter. The mount also 
contains a set of six nonpreloaded bearings that 
may be engaged individually or collectively to in­
troduce additional friction. The inertia may also 
be varied. 

The mathematical model developed to represent 
the mechanical system is shown in Fig. 2. Basi­
cally this model consists of a rotating load sup­
ported on a base by a friction element. The friction 
element is represented by a pair of contacting sur­
faces with conventional nonlinear friction in series 
with a nonlinear torsional spring. The nonlinear 
spring represents the elastic deformation effect. 
When this spring has infinite stiffness, the model 
reduces to the conventional model for friction. For 
the infinite stiffness condition, torque applied to 
the rotating member at levels below the breakaway 
level of the friction will not cause motion of the 
load. The resulting "dead space" has serious im­
plications with respect to system performance and 
stability. However with the inclusion of the spring, 

* B. F . Hoffman is Instrumentation Project Supervisor in the Missile 
Control Systems Group and R. W. Fowler is a senior engineer in the 
Project. 
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Fig. 3-Sinusoidal steady-state phase and gain re­
sponse versus peak torque level (frequency = 3 Hz). 

torque applied to the load will cause motion owing 
to compliance of the spring. Thus the "dead 
space" is circumvented, and smoother, more ac­
curate performance is obtained. 

The windup angle of the nonlinear spring was 
found to be a function of the absolute value of the 
change of torque, as indicated by the nonlinear 
differential eq-uation of Fig. 2. The transfer re­
sulting from this representation exhibits a hys­
teresis characteristic with attendant energy loss. 
The power series coefficients elf, have been se­
lected to match the measured data from the 
mechanical hardware. An additional small hys­
teresis characteristic that is not accounted for by 
this equation has also been attributed to the spring. 

The steady-state sinusoidal response of the ex­
perimental hardware was measured using a servo 
analyzer to extract the fundamental component of 
shaft motion. Corresponding data were obtained 
on the mathematical model using describing func­
tion techniques. Samples of the calculated and 
measured results for applied torque less than the 
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breakaway friction level are compared in Fig. 3. 
These data show excellent correlation between 
model predictions and measured hardware data 
over a wide range of torque levels. The conven­
tional friction model, which neglects elastic de-

formation, would yield no motion for these torque 
levels. The model has also been verified by com­
parison with measured hardware data over a wide 
range of frequencies ( 1 to 1000 radians per 
second). 
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